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PEE FACE. 



No department of science has probably received more 
attention from scientific writers than Mechanics. There are 
nnmerons treatises on this subject in all the languages of the 
civilized world, adapted, apparently, to suit the intellectual 
and pecuniary means of all classes, and including the costly 
quarto and bulky octavo for the advanced mathematical 
student, as "^ell as the sixpenny catechism for the use of 
children. Between these two extremes, books on the subject 
are innumerable. In adding one more to the number, the 
writer does not feel any apology to be neoessary, because, in 
the first place, he is not aware that any other treatise, with 
the same quantity of matter, and with so many engravings, 
is to be had at so low a price; and, secondly, if he has 
approached his subject with a proper appreciation of the 
principles upon which mechanical science is based, he can 
scarcely fail to convey to the diligent and attentive reader 
some idea of their grandeur, breadth, and generality. 

In every scientific work where principles are fairly laid 
out, the reader can supply fEUsts and illustrations for himself; 
and he may take it as the test of his progress, if^ while 
thinking of the principle, hcta rise spontaneously in his mind 
to illustrate it ; or if, while examining &cts, he clearly per- 
ceive the operation of the governing principle. 

C. T. 

Bedtobd Place, Ampthill SavARB. 
February f 1849. 



PREFACE TO THE SECOND EDITION. 



The sale of the First Edition of this Work, oonsistiog of 
7,000 copies, within the space of two years, is a sufficient proof 
that there was a demand for a cheap popular treatise on 
Mechanics, in which the peculiar difficulties of the subject 
should be fairlj met instead of being slurred over; and, as 
far as could be done with the merest elements of Mathe- 
matics, made intelligible to the non-professional reader. 

The brevity of the third and fourth parts, devoted to 
Hydrostatics and Hydrodynamics, has been complained of. 
This could have been remedied by one of two methods : — 
either by encroaching on the space devoted to the considera- 
tion of Statics and Dynamics, or by extending this shiUing 
volume beyond seven sheets, thereby making the price two 
shillings. The writer considers that the adoption of either of 
these methods would have greatly injured the utility of the 
work. 

The work has been carefully read for this Second Edition, 
which haj9 been stereotyped. It is hoped that no material 
errors will be found in it to detract in the slightest degree from 
that success which the writer cordially wishes may attend 
the spirited Publisher who is contributing so nobly to the 
great cause of popular education. 

C. T. 

BsDFOBD Placb, Ampthill SaUARB, 
l8t May, ISbl. 
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MECHANICS. 



Part I.— STATICS. 



I. ON STATICAL FORCES OR PRESSURES. 

1. A BODY is said to be in equilibriam when the. forces 
Wliich act upon it mntually counterbalance each other, or 
'when they are counterbalanced by some passive force or re- 
sistance. Thus a body suspended from the end of a thread 
is in equilibrium, because the attraction of gravitation, which 
would cause it to fall, is counterbalanced by the resistance 
of the thread, and by that of the point of suspension. A 
body may be in equilibrium without any apparent resistance. 
Thus a fish may be in equilibrium in the water, a balloon in, 
the air ; but in such cases the weight which would causie the 
fish to sink, or the balloon to fall, is exactly counterbalanced 
by other forces, which will be considered hereafter. We 
may, however, regard all bodies which appear to us to be 
at resty as being actually in a state of equilibrium^ or equally 
balanced between or among forces which destroy each other. 

2. The conditions of equilibrium are determined by the 
science of Statics^* as regards solids ; and by Hydrostatics^^ 
as regards fluids. The laws which determine the motions of 
solids, form the science of Dynamics ;% while the laws of 
fluids in motion belong to Hydrodynamics, These four 
divisions form the science of Mechanics § in its widest 
sense ; that is, the science of forces^ producing either rest or 

* From orarhQy standing still. f From U^oip, water, and c-aroc. 

t From dvi/a/itCy force. § From /ii^xavi), a machine. 
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2 FORCES, HOW REPRESENTED. 

3. Forces that are balanced, so as to produce rest^ are 
called statical forces or pressures^ to distinguish them from 
moving^ defleetingy accelerating^ or retarding forces ; t. e. such 
as are producing motion^ or a change in the direction or velocity 
of motion. This distinction being wholly artificial, and made 
for the purpose of facilitating study, must not mislead the stu- 
dent into the idea that these are different kinds of forces ; for 
the same force may act in any of these modes ; it may some- 
times be a statical, and sometimes an accelerating force ; but as 
the consideration of forces when balanced, is much more simple 
than that of forces in motion, it is convenient to separate the 
former, and to confine our attention in the first instance to 
them, or rather, to regard 9II forces in a statical point of view. 

4. Statical forces or pressures can, of course (like other 
quantities or magnitudes), be compared only with each other, 
but the ratio between any two quantities may be represented 
by the ratio between two other quantities, however different 
in kind from the first two; thus, two pressures may have 
the same ratio as two lines, or two surfaces, or two bulks, 
or two times, or two numbers ; and these last are found the 
most conveilient class of magnitudes by which to represent 
the ratios of all others. Now, when we represent magnitudes 
of any kind by numbers, we in fact compare them with 
some fixed or standard magnitude of the same kind, which 
we represent by the number 1 : thus, the units commonly 
used for comparing lengths^ are inches^ feet^ milesy &c. ; and 
so also the units o£ pressure are ounces^ pounds^ tons^ &c.* 

* In gtrictneMy however, these terms do not properly express units of 
pressure, but of mass (or quantity of matter) ; and they are used as 
standards of pressure, simply because the earth's attraction on a given 
quantity of matter is always the same at the same place, and differs but 
slightly in different places. But we must not forget that the same mass, 
in a different situation (as regards latitude, or level), would gravitate with 
a rather greater or less pressure. (See Introduction to the Study qf 
Natural Philosophy, p. 67.) We must not therefore confound mass 
with wetffAt, because the same names are applied to the units of both ; 
for, in fact, cne units of pressure are ouite distinct frpm, though founded 



EQUAL AND OPPOSITB FORCES. 8 

5. Forces may also (like any other ma^mtudee) be repre- 
sented by lines of definite lengths. A unit of length being 
taken to represent the nnit of pressure, the length of the line 
represents the ma^itude of the foree ; bat the line has this 
great advantage oyer a number, — ^its direction represents the 
direction of the force ; and its commencement or extremity, 
the point at which the force acts, or its point, of application : 
thus, by a line, the force is completely defined in all its three 
elements ; while a nnmber can only represent OM of them, 
viz., its maffnittide. 

Agreeing, therefore, to represent a force by a number or by 
a line, a double force would be represented by a double nnm- 
ber, or by a line of double length, and so on. In this way 
forces can be brought under the domain of mathematical 
science, geometry serving to investigate their various rela- 
tions by means of Hues, arithmetic by means of numbers, 
and algebra and trigonometiy by the properties common to 
directions and magnitudes of all kinds. 

6. If two forces be in equilibrium at a point, they must 
be equal in magnitude, and opposite in direction. Two 
equal forceis acting together, in the same direction, produce 
a double force ; three equal forces, a triple force, and so on. 
But whatever number of forces may act upon a point, and 
whatever their directions, they can only impart one single 
motion in one certain direction. "We may, therefore, incor- 

on those of mass ; just as the latter are derived from those of length, and 
all of them from that of timei the connection being as follows : — 

1. A pound pressure means, that amount of pressure which is exerted 
towards the earth, in the latitude of London and at the level of the sea, 
by the quantity of matter called a pound* 

2. A pound of matter means a quantity equal to that quantity of pure 
water which, at the temperature of 62 deg. Fahrenheit, would occupy 
27*727 cubic inches. 

3. A cubic ineh is that cube whose aide takes 3^1393 times would 
measure the effective length of a London seconds pendulum. 

4. A seconds pendulum is that which, by the unassisted and unopposed 
effect of its own gravity, would make 86,400 vibrations in. an arOAciai 
solar day, or 86163*09 in a natural sidereal day. 

b2 



4 THE RESULTANT OF FORCBfiL 

poiate all these single forces into one force, or reaidtant^ 
capable of producing the same mechanical effect as the forc<9s 
themselves, which are called the eamponenU, It is evident^ 
that if to a system of forces a new force be added equal to the 
resultant, and acting in a contrary direction, equilibrium would 
be maintained. 

If, for exftmple, a boat be moving by the force of the cur- 
rent, by the force of the wind, and by the oars, we may 
imagine a single force, such as a strong rope, to be attached 
to the boat^ and drawn in such a direction, and with such a 
force, as the three forces Jbogether would produce. The cur- 
rent, the wind, and the oars ceasing to act, this rope would 
supply their place, and constitute their resultant. Now it is 
evident that to this resultant we may oppose another force ; 
a rope, for example, acting or resisting with the same power, 
and in an* opposite direction. The boat would in such case be 
as completely at rest as if it ! were at anchor. It could neither 
go forwards, nor backwards, nor move to either side, until 
some new force should act upon it, or some change should 
take place in the existing forces. . 

When any number of forces act at a point in the same 
straight line, and in .the /same direction, the resultant is 
equal to their sum.; if the forces act in opposite directions, 
the resultant is equal to their difference. For example, let 
a point be pressed upwards with a force of 7 pounds, and 
dofonfoards with a force of 4 pounds, the resultant is an 
upward pressure of 3 pounds. Let it receive pressures from 
the east of 8 pounds, 6 pounds, and .10 pounds ; and from 
the ioesty of 2 and 3 pounds. The resultant is, of course, a 
westward pressure of 3 + 6 + 10 — 2 — 3 = 14 lbs. If 
the forces in opposite directions be denoted by the opposite 
signs + and — , then the resultant is in all cases their alge- 
braical sum; so that^ having taken the arithmetical sum of 
the forces acting in one direction, and also of those acting 
in the contrary direction, the difference of these sums is the 
resultant force, and it acts in the direction of the forces 



FORCES ACTING ON THB SAME POINT. 5 

which form the ku^er snm. When the lesultaiit =3 0, the 
forces bahmce each <^er. 

. Hence we may add equal and opposite forces at anj point, 
without affecting n system of statical forces. This is called the 
s^perpaiitiQn of equilihrium. So also we may remove from 
any point in a system those forces which, are equal and oppo- 
site, without disturbing equilibrium thereby. 

. 7. When two forces act upon a point in different direc- 
tions, the resultant is found more easily by the geometrical' 
method. It is obvious, in the first place, that the line repre- 
senting the resultant must lie in the same plane which con- 
tains th^ directions of the two forces : for if not, on which 
Qide of the plane should it lie ? There is evidently nothing to 
determine it to one side more than the other. For the same 
feasop, when the forces are equaly the resultant must bisect 
the angle between their directions, for it cannot be nearer 
one than the other.* Moreover, in all cases, whether equal 
or not, we naturally expect that the n^ixer they coincide in 
direction, the greater will be the resultant, and vice versd; 
and as their exact coincidence makes it equal their sum^ 
while their exact opposition makes it equal their differ" 
encey we conclude that in all intermediate positions it will 
be less than their sum, and greater thiln their , difference. 
But it is doubtful whether elementaiy mathematics will carry 
na further than this without the aid of experiment,t which 
teaches us the following beautiful law. 

Let the point p (Fig. 1) be acted on by two forces, p]:e8s- 
ing in the directions P a and p b. From the point p, upon 

* This kind of proof, by what is called the principle qfsufficieni reason, 
is of yerj extensive use in Mechanies. 

t The first experiments for this purpose were made by Galileo, in some 
boats, at Venice, about the year 1592. This was the first step in induc- 
tive (or natural) science, or the first direct question pu.t to nature, at least 
since the time of Archimedes. But although this point was first deter- 
mined by experiment, it must be classed among abstract or necessary 
truths, being deducible from the simple principle above mentioned. The 
proof is too long to be given here. 




6 PARALLELOGRAM OF FORCES. 

the line p a, meajsure off any length p ay and from the 
point p, upon the line p b, take a length p b bearing the same 
ratio to p a that the force b bears to the force a. The easiest 
way to do this is to make the lines p a, p ^^ contain respec* 
tiyely, as many units of length (inches or feet, for example), 

as the forces a b contain 
units of force (oonces or 
pounds, for example). 
Through a draw a line 
parallel to p b, and 
through b draw a line 
parallel to p A, and sup- 
! pose these lines to meet 
at e. We thus get a pa- 
rallelogram, vacb; and 
the line p «, called its 
diagonal^ will represent 
a sbgle force acting in the direction p o, and consisting of as 
many units of force as the line p e contains units of length ; 
and this force wiU produce upok the point p the same effect as 
the two forces a and b produce acting together. 

This method of finding an equiralent, or the resultant of 
two forces, is called the parallelogram of forcesy and is 
thus concisely expressed : — ^If two forces be represented, in 
magnitude and direction, by the sides of a parallelogram, an 
equivalent force will be represented, in magnitude and direc- 
tion, by its diagonal. — ^The two forces are called the com- 
ponenti of the resultant. 

8. Any number of forces, acting at one point, can be com- 
pounded by the same rule. For instance, let the body « 
(Fig. 2) be pressed at once by the three forces, wkose direc- 
tions are expressed by the arrows a, b, c, and their magnitudes 
by the lengths x a^ xby xc» We may first compound any 
two of them (such as a and b), by completing the parallelo- 
gram xadby by which we find that the direction of their 
resultant is x d, and that its magnitude is to their magnitudes 
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as the length « <^ is to the lengths xa^xb. We may then 
compound this resultant 
with the remaining force 
X e^ hy completing the 
parallelogram gd scathe 
diagonal of which, yiz. 
X e, will represent both 
the magnitude and direc* 
tion of the general re- 
sultant of all three forces ; so that a force of the magnitude 
expressed by this length jp e^ and acting in the direction e jr, 
would balance those three forces. Of course, the resultant 
of any greater number of pressures might hare been found in 
the same way, by combining two at a time. 

In this problem, it matters not whether the directions of 
the forces lie all in the same plane or in different planes. In 
the latter case, the three lines jt a, « &, x Cy would form the 
three edges that meet at one solid angle of Aparalhlopiped; 
and by completing this solid figure (as shown by the outer 
dotted lines of Fig. 2), its diagonal a e will represent the re- 
sultant. Hence, whether we regard the lines of this figure 
as they really lie flat on the paper, or as the projection or pic- 
ture of a solid parallelepiped, the law is equally true. The 
same process is of course capable of being extended to any 
number of forces in different planes. 

9. The problem of the composition o/foree$y which is thus 
solved with so much ease by construction (or drawing on 
paper), often becomes extremely complex in calculation, 
especially when in dynamics the element of time is added, 
and the forces are of constantly-varying magnitude. In fact, 
it would scarcely be possible to arrive at some of the simplest 
results of its application to every branch of physics, if re- 
course were not constantly had to the inverse problem of the 
resolution of forces. It is constantly necessary to consider a 
force (however simple its origin) as capable of being resolved 
into two or three distinct forces, having different directions ; 
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Fig. 3. 



for it is evident that we may substitute for any given forces 
any number of other forces, having any given directions (not 
opposite to each other) ; for we may make the line * e the 
diagonal of any number of parallelograms, or parallelopipeds, 
having their sides running in any proposed directions. When 
their directions are decided on, their lengths will be discover- 
able ; and thus we shall know both the directions and magni- 
tudes of the forces into which, for convenience sake, the whole, 
or resultant force, has been resolved. 

10. Examples of the composition of pressure are of con- 
stant occurrence, as in the exertions of our limbs, the action 
of the various tools and implements which we employ, and 
the external actions in which we participate. It is frequently 
of importance to consider whether the component forces are 
employed so as to produce the best resultant; that is, one 

acting in a direction most 
available for the object 
intended to be accom- 
plished, and with as small 
an expenditure of force 
as possible. 

Birds have a figure 
symmetrica] with respect 
to a vertical plane, a b 
(Fig. 3), which passes 
through the body. When 
they fly, their wings exe- 
cute symmetrical move- 
ments, and strike the air with equal pressures. The resistance 
of the air to the pressure of the wings is perpendicular to their 
surface. Hence the direction of the resultant will be found 
by the parallelogram of forces, for which purpose draw c a 
and D A perpendicular to the surfaces of the two wings, 
these lines representing the directions of the forces by which 
the bird presses backward with each wing ; or, in other words, 
A c and A D are the directions of the resistances exerted by 
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the air against the two wings ; and neither of t&ese pressures 
{wh^n the wings are in this position) tends to imp<9l the 
bird straight forward ; but their restUtant doea so ; for if the 
wings be similarly extended, and act with equal force, the 
lines A c and a d will make equal angles with the line 
A B, passing through the centre of the bird ; and two lines 
representing the intensities of the two pressures, as a e and 
A p, being equal, the diagonal a g will coincide with that 
line, and the motion of the bird will be directly forward. 

A man in swimming impels himself in directions perpen- 
dicular to the soles of his feet and the palms of his hands. 
If these forces be equal on either side of his body, the re- 
sults^nt is a line passing through the centre of his body. 

The motion of a boat rowed by oars is evidently similar 
to the cases already noticed, where the forces are symmetrical 
on either side of a central vertical plane : but when sails are 
acted on by the wind, and the force thereby transmitted to 
the keel is modified by the action of the rudder, various 
problems arise, which are too complex to be studied here. 
We may, however, take a case, where the sail is supposed to 
be stretched so as to form a plane surface ;* and, neglecting the 
action of the rudder, as well as that of any tide or current 
in the water, let us consider the force of the wind only. 
Let a b (Fig. 4) be^ the length or keel of a sailing vessel, 
and let the right line m n represent the projection of a sail, 
supported at o against a mast. Let o p represent in magni- 
tude and direction the force w, with which the wind acts 
upon the sail. Construct the parallelogram o cp d^ of which 
op h the diagonaL This force op ia evidently decompos^Ie 
into two other forces; the first, o c in the direction of the 
plane of the canvas, and producing no effect in advancing the 
ressel ; the second, o d^ perpendicular to the sail, which is the 
only force which presses on the sail and gives motion to the 
vessel But o d may also be decomposed into two other 
forces; the one o e in the direction of the keel or4ength of 
the vessel, and which tends to advance it in the direction of 

B 8 
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the arrow ; the other o / acting at right angles to the length 
of the vessel, so as to urge it sideways. The form o£ the 
vessel enables it to offer a great resistance to the latter 
force, and very little to the former, so that it proceeds with 
considerable velocity in the direction o e of its keel, and 
Fig. 4. 




makes very little Ue-wa^y as the sideward direction o / is 
called.* Thus some idea may be formed of the manner in 
which a wind, which is sometimes within ^yq points (or 
5g^o) of being opposed to the course of the vessel, may, with 
the aid of sails judiciously applied, be made to impel it. 

* If this do not seem satisfactory, it must be remembered, that oar 
present business is not with fnotions, but with presauretf and that we 
must consider, not what proportion the head-way bears to the lee-way 
(ff. e, what proportion exists between the velocity of the vessel in the 
direction o e, and that in the direction o f), for statics has nothing to do 
with velociiiet ; but we must reduce the problem to its statical form, by 
imagining the introduction of such a force or forces as would produce equili- 
brium. Now this would (in the present case) require a greater force in the 
direction opposed to the lee- way, than in that opposed to the head-way ; for 
though the vessel movet faster forwards than sideways, yet she presses more 
in the latter direction than in the former, in the proportion that of 
ezceedfl o s. 



fiXAHPLBS« 11 

In the flying of a bo/s kite we may study similar effects. 
To coDnteract (pennanenUy) the force of grarity whieh 
wonld bring it to the gronnd, two other forces at least are 
required — yiz. the wind, and the resistance of the string or 
of the point where it is fixed or heid. The wind alone would 
keep it suspended, but only for a time— viz. until the kite had 
either turned its edge to the wind (so as to be pressed no 
more on the under than on the upper side), or else had become 
vertical, so as to be pressed only horizontally, and not upwards. 
If the kite had no tail, the former effect would rapidly ensue, 
and with a tail the latter would be equally certain. It is 
necessary, therefore, that the kite be inclined^ and this is 
effected by the string being attached at such a point as to 
leave more surface (and therefore, a greater pressure of wind) 
below the point of attachment than above it This excess of 
pressure on the lower half drives it to leeward, but only to 
a certain extent, where it is counterbalanced by the weight 
of the tail; but the maintenance of the inclined position 
depends on laws which will be explained further on. It is 
sufficient for the present to observe, that the horizontal force 
of the wind w (Fig. 5), the intensity of which may be 
represented by the line o tr, must (like every other force that 
impinges obliquely on a surface, as on the sail in the last 
example) be resolved into two portions, one parallel, and the 
other perpendicular to the surface. The former portion o a 
has no effect ; the kite is pressed only by the other portion, In 
the direction o 6, in which direction it would move, if it 
maintained its inclined position, and were subject to no other 
force than the wind. But we have to consider two other 
forces, — ^the string and gravity. Supposing the string to pull 
in the direction o s, we shall find the intensity of this force 
by resolving the whole effect of the wind on the kite, repre- 
sented by 5, into two portions, o d perpendicular to the 
string (and therefore not resisted by it), and o (?, which most 
be balanced by an equal and opposite force in the string, 
which will accordingly be represented by o «• The action of 
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t&e string and of tbe wind would therefore be to urge tiie kite 

in the diagonal o doi the parallelogram oh d 9 ; but with this* 

we must further compound the force of grayity, which (the 

Fig. &. 




kite being very light) we will represent by the short line 
g^ and this, compounded with rf, gives the resultant o p, 
in which direction the kite will rise when subject to all three 
forces, in the degrees here supposed. Supposing the wind 
suddenly to cease, we shall find the resultant of the string 
and of gravity by compounding z with og^ which gives « as 
the direction in which the kite would then be pulled; and 
this compounded with the effective portion of the wind's force, 
viz. by will give f as before. In this direction, the 
kite will, under these circumstances, rise till it has attained 
Xb position where the three forces h^ o s^ and g are in 
.equilibrium, i, e. where each is equal and opposite to the re- 
sultant of the other two, in which case we should on our con- 
struction find F =?: 0, or the point f would coincide with 0.* 

* In order to raise the late to its greatest altitude, the most advan- 
tageoQS angle for the kite to form with the horizon is 54^ 44'; which is 
the same as jthe rudder of a ship should make with the keel, in order that 
the vessel may be turned with the greatest facility, supposing the current 
io have a direction parallel wi& the keel t and the same that the sails of a 
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11. The property of a system of statical or balanced forces 
acting on a point, that each is exactly equal and opposite to 
the resultant of all the rest, whatever may be their number, 
leads to a yery simple and elegant theorem, called the Polygon 
of Forces, By this, any number of statical forces are repre- 
sented in direction and magnitude by the sides of a polygon, 
taken in order; and they will, when applied to one point, 
produce equilibrium; or, in other words, in order that the 
forces may form a polygon, they must be in equilibrium. 

In Fig. 6, let pi p2 pS p4 p6 Ijq forces in equilibrium acting 
on a point a, and represented in magnitude as well as in 
direction by the lines 
AP^ Ap2, Ap3, Ap4, AP*. 
To find the resultant 
of pi and p2, complete 
the parallelogram a p^ 
cp^, A^ will represent 
this resultant. Com- 
pounding this resultant 
with the force p^, by 
means of the parallelo- 
gram AC D p*, we see that 
A D represents their re- 
sultant, or the resultant of p^, p^, and p*. Compounding this 
last resultant with the force p*, by the parallelogram a p* B d, 
we see that their resultant is represented by the line A E, 
opposite in direction to the last force p^, and equal to a p^. 
This line completes the polygon a p^ c d b a, of which the sides 
A pi, p^ c, c D, D E, |! A represent severally, in magnitude and 
direction, the forces pi, p2, p*, p*, p*. 

It is not necessary that the forces should all lie in one 
plane : but we may, perhaps, make this theorem clearer by 
attaching a number of pulleys to a yertioal plane, such as an 

windmill, and the vanes of a smoke-jack, or of a screw-propeller, should 
make with the plane of their rotation. The reason cannot be shown in 
this elementary work. 





Fig. 6. 
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upright board, and carrying oyer them the lines which 
represent the forces, and attaching weights to their extremities, 

as in Fig. 7. Then take 
any part a a on the stringy 
A m, and &om a on the 
board, draw a line paral- 
lel to the string A n, and 
take a part a b upon that 
parallel, such that A a is 
to a ^, as M is to n. Again, 
through h draw a parallel 
to the string a o, and on 
that parallel take a part 
b c such that a 5 is to ^ c 
as N is to o. In like 
manner, draw c d parallel 
to A />, and si^ch that 
be \ cd'.i 0',v; and draw 
d e parallel with a ^, and bearing the same relation to the other 
lines that Q bears to the other weights. Finally, join the 
points e and A by a right line. A single force r, acting in 
the direction of the line e a, and having the same ratio to 
each of the other forces as the line e A has to the side 
of the polygon, which is parallel to that other force, will pro- 
duce a pressure on the fixed point A, eqniyalent and opposite 
to the combined actions of the forces m, n, o, p, q. This may be 
proved by attaching any weights at random to the varions 
strings, and (when they have settled in equilibrium) making 
the construction above described, beginning with any side of 
the polygon, and making all its sides, except one^ parallel 
with their respective strings, and with lengths proportional 
to their respective weights. The remaining side will then be 
found to lie always in a straight line with the remaining 
string, and to have the exact length proportioned to the 
remaining weight. 

12. Parallel Forces, — It is evident that forces may be made 
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to a€t Bide by eide with qaiie as mach effect as in the same 
straight line. Two hoiaes drawing a cart may of coarse be 
placed side by side, or one before the other, and the effect 
will be the same. Hence, the resnltant of two paraUel forces, 
acting in the same direction, is eqnal to their snm ; it has the 
same direction with them, and when they are equaly is applied 
at a point midway between their points of application. All 
this is obvions from the principle of sufficient reason; but 
when they are unequal^ their resultant, though still parallel 
with them and equal to their sum, does not act midway 
between them, as we shall presently see. And when they 
are equal, but act in contrary directions, they hare no simple 
resultant, for they tend to produce rotation^ and this tendency 
cannot be counterbalanced by any single force. But let us 
here confine our attention to the simple case of such parallel 
forces as are equal, and have the same direction. 

The resultant of a number of parallel forces is obtained by 
a principle which is called the equality of moments^ on which 
we shall enter shortly. It will be found that the point of 
application of this resultant will depend solely on the points 
of application and the intensities of the components, and will 
not be affected by any change in their directions^ so long as 
they retain their parallelism and equality to each other. 

II. THE CENTRE OP GRAVITY. 

13. The forces with which the particles of a body at the 
earth's surface tend to descend, or, in other words, their weights 
or gravitating forces, may be considered as parallel to one 
another, since they converge towards a point, the earth's centre, 
the distance of which may be regarded as infinite, compared 
with the size of the body. Now all these equal and paraUel 
forces, infinite in number as they are in a body of any size, 
may be replaced by a single force applied to a certain point ; 
and this point of application is called the centre of gravity of a 
body, or the centre of parallel and equal forces. It is a charac- 
teristic property of the centre of granty, that it is a fixed 
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point in the interior of solids, and does not change, whatever 
position these bodies may be placed in, with respect to gravity. 
Thus the point G (Fig. 8) is the centre of gravity of the body 
ABC, whether the point c be upwards or downwards, or in 
any other position ; for, as we have abready stated, the point of 

Fig. 8. 




application of the resultant of parallel forces is independent 
of the direction of these forces. 

14. In order that a heavy and perfectly rigid body* be in 
equilibrium, there is only one condition to be fulfilled, namely, 
that its centre of gravity be supported. Consequently, 
if the centre of gravity be fixed, we may turn the body 
about in all directions, and it will always rest in what- 
ever position it may be placed, because it will always be in 
equilibrium. When a body is supported at a fixed point, 
which is not the centre of gravity, equilibrium can be main- 

* That is, a body supposed to be totally incapable of any change of 
form. In Mechanics, it is constantly necessary to abstract or omit the 
consideration of certain properties of bodies, in order to reduce a problem 
to its simplest form ; for these complicating circumstances can always be 
added afterwards, one by one, though it would be impossible to encounter 
them all at the outset. Hence it is necessary at first to assume a perfec- 
tion not found in any natural body ; and as in geometry we must consider 
lines without breadth, and surface without thickness ; so in Mechanics we 
must assume imaginary solids, fluids, and airs, which are not the solids, 
fluids, or airs of nature. The solids must be perfectly inelastic, or else 
perfectly elastic, the levers without flexibility, cords without rigidity, 
liquids without compressibility or viscosity, and airs must have their 
density and elasticity always proportional. 
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tained only when the centre of gravity is in the vertical of the 
fixed point, either above or below. This consideration affords 
an experimental means of finding the centre of gravity in a 
body. Snppose we have to fix a handle to a sextant a (Fig. 9) 
in the best position for holding it steadily. This position will be 
at its centre of gravity. It must be suspended, as at a, by 
means of a thread from some point of its snr&ce, as c; and when 
at rest, we mark, as accurately as possible, the point m, or the 
point at which the thread would come out if it had proceeded 

Fig. 9. 




in its straight course through the body. From what has 
been said, it is evident that the Centre of gravity must be 
situated somewhere in this line c m. The centre is exactly 
found by suspending the body from some other point, as at 
B, and marking the vertical continuation of the thread, as at 
n. The centre of gravity is also in this line, d n, and mtist 
therefore be at the point where the lines e m and d n cross 
each other. 

With heavy bodies the experiment is made by turning 
them on their sides, or placing them upon narrow supports ; 
but for bodies whose forms are regular, and the substance 
homogeneous, or of uniform density throughout, the centre 
of gravity is determined by certain geometrical rules. Thus, 
the centre of gravity of a cylinder is evidently the middle 
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of its axis ; and whenoTor a body possesses a centre offigurey 
t.«. a point so situated that every plane which can be con- 
ceived to pass through it most bisect the body, this point is the 
centre of gravity (snppoeong the body to be of uniform denmty). 
Moreover, whenever a body has an asn» of figure, that is, a 
line^ every plane passing through which bisects the body, 
then the centre of gravity must be somewhere in that line. 
Consequently, when the body has more than one such axis, 
the centre must be found at their intersection. In other 
cases, however, and especially when the body is not homo- 
geneous, the deduction of the centre of gravity becomes too 
complex to be useful, considering how easily it can always 
be found by experiment.* 

The centre of gravity is not necessarily in the hody^ but 
may be in some adjoining space. This is obviously the case 
with a ring^ an empty hox^ and, in general, any hollow 



In Theoretical Mechanics, the principle already noticed, 
of ah9traci^<m^ or considering certain properties of matter 
apart from others, has often to be carried so far, as to assume 
bulk without weight, or weight without bulk. Hence an 
imaginary heavy line, or heavy surfacey may have its centre 
of gravity found ; and if the line or surface be curved, it is 
obvious that this centre must in general lie out of the line 
or surface itself. 

15. Centrobaryc theorem, or Method of Guldinui. — ^These 
centres of gravity of lines or surfaces (which can be found 
approximately by experiments on thin wires or plates) afford an 
easy means of solving certain useful problems in mensuration, 

* The following rules may, however, be useM. Every pyramid or 
eone has its centre of gravity at ^ of its hdght, from the base,^-every 
paraboloid at ^ of its height,— every hemitpkert or hemitpheroid at f , 
—a hemieyUnder at *4244 of its radius from the axis of the cylinder. To 
find the distance of the centre of gravity of any tegmeni of a dite or 
cylinder^ from the axis, divide the cube of the chord by twelve times the 
area of the segment. To find the same in 9l sector , multiply twice the chord 
by the radius and divide by three times the arc. 
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the solation of which dedactively (or by pure mathematics) 
would be extremely difficult, if not impossible. For instance, 
any solid of revolution^ howerer complex or irregular its out- 
line, may have both its solidity and its superficial contents found 
by the following very simple methods. Let a (Fig. 10) be the 
solid, and a 6 c its half section, or that plane figure which, in 

Fig. 10. 




rerolving round the line a (; as an axis, would require a 
space equal and similar to ^he solid — or, as it is commonly 
expressed, would gmerate the solid. Cut out this figure 
in some thin substance of uniform thickness, and by sus- 
pending it as above described (Fig. 9) find its centre of gravity, 
which we will suppose to be ^. Now the volume of this solid 
is equal to the product of the area a 5 c x into the circum- 
ference described by the point g (which circumference will 
of course be found by applying the well-known multiplier, 
3-14159, &c. to twice the distance of g from the axis, or 
twice dg). Again, to find the surface of the solid or of any 
portion of it, as formed by the revolution of the whole or 
any portion of the curve ah e^ bend a wir6 into the fonn of 
that portion required. Let this wire be «/, and suppose that 
(by suspension) we find its centre of gravity to be at ^; 
then the sur&ce generated by the revolution of e / ^ its 
length X the path described by its centre of gravity, which 
path is found, of course, by multiplying its radius g* h hj 
twice 3-14159, &o. 
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Among other useful deductions from the properties of the 
centre of gravity, we may observe that the force expended in 
erecting a building, or lifting all its materials from the ground 
to their places, is the same as would be required to lift them 
all to the height of the centre of gravity of the building. 

16. It has been said that the only condition of equilibrium 
in a solid body is, that its centre of gravity be supported. 
There are, however, various ways in which this condition is 
fulfilled, according as the body is suspended from fixed points, 
or placed upon supports. If the hand of a clock moved 

freely upon its axis on a 
^' ^^' vertical dial, a B c D (Fig. 

11), in order that its centre 
of gravity be supported, it 
must be in a vertical plane 
passing through the axis; and 
this can only take place when 
G, the centre of gravity, is 
be]ow or above the axis, as 
at q' and g, which gives two 
positions of equilibrium; one 
of which, when the hand is 
below the axis, is called 
itahle equilibrium^ because, in drawing the hand aside and 
letting it fall, it will oscillate a few times, and then settle in 
this position, g'. On the other hand, when o is above the 
axis, the equilibrium is said to be unstable^ hec&xxae^ on 
moving the hand aside, it would not return to its previous 
position. Between these two positions, equilibrium is im- 
possible ; and although, in the case of a clock, the hand is 
retained in all positions by its friction against the axis, yet 
there is a constant tendency in the hand to drag the axis 
into a position of stable equilibrium, and the more so in pro- 
portion as the centre of gravity is removed from the 
vertical. Thus, with a heavy clock hand, in which the 
centre of gravity is far removed from the axis, the clock 
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woald gain from 12 to 6 a.m., and lose from 6 a.m. to 12, 
were it not for the coonterweight nsoally attached in large 
docks, as shown at/. 

17. A body placed upon a horizontal surface, touching 
it only at one point, may assume yarious positions of equi- 
librium, some of which are stable, and some unstable ; and 
there are other positions which are said to be indifferent^ 
because when the body is disturbed therefrom it does not 
tend either to regain its former position, or to increase the 
disturbance, but simply remains in the new position. If 
from the centre of gravity of a body, rays are produced to 
every part of its surface, the greater number of these rays 
are oblique to such sur&ce; but there are always some 
which are perpendicular, or normal thereto, whatever be the 
external form of the body : there is, in general, a maximum 
ray among them, and a minimum ray, both normal to the 
8ur£Eu;e. There are also other rays which are maximum or 
minimum among the surrounding rays, and which are 
essentially normal. It is evident, then, that if the body 
touch the horizontal plane by the extremity of one of these 
normal rays, the centre of gravity is in the vertical of the 
point of contact, and there is equilibrium. If, on the con- 
trary, the body touch the plane at the extremity of an 
oblique ray, the centre of gravity is not sustained, since it 
is no longer in the vertical of the point of contact.* 

18. If the ray of the point of contact be normal, but not 
itiaximum nor minimum, but simply equal to the neighbour- 
ing rays, the equilibrium is indifferent. Such is the case 
when a sphere is placed on a horizontal plane ; it is in equi- 
librium in every position, and consequently in indifferent 
equilibrium, for the centre' of gravity can £Edl no lower than 
it is. Now, if a portion of the upper part be removed (as 

* It may be stated generally that a body is in the position of stable 
eqnilibrinm when the centre of gravity is the lowest possible, because in a 
body free to move in any directioni the centre of gravity always assomes 
the lowest possible position. 
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by making a hole there), the eqnilibriam becomes ftable, 
because the centre of grayitj is brought below the centre of 
figure, there being in such case more matter below the centre of 
figure than abore it Now, in this case it is easy to see that 
the ray from the centre of gravity to the point opposite the 
hole is a minimum ray; but let the hole be filled up, by 
inserting a small cylinder long enough to project beyond the 
surfiftoe; it is now plain that the centre of gravity being 
nearer this projection than the opposite point, a ray drawn 
to the latter will be a maximum ray, so that the balance 
thereon will be unstahle^ because any motion sideways tends 



Fig. 12. 
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to lotDer the centre of gravity, and to enable it to fall still 
lower; whereas, when a body rests on a minimum ray, 
any rocking must raise the centre of gravity, so that it will 
fall back to its previous position. If the nonnal ray of the 
point of contact be only the minimum among several other 
neighbouring rays, equilibrium is stable only as £ar as these 
rays extend ; and lastly, if the ray is in one direction equad 
to adjacent rays, whilst it is in other directions a minimum, 
equilibrium is indifferent in the one direction, and stable in 
the other directions. This is the case with an egg placed 
on its side. 

An ^gg on one end is resting on a maximum ray, and 
is therefore in unstable equilibrium, so that it cannot in 
general remain thus poised for a moment. There are two 
modes, however, by which this feat is sometimes accom- 
plished, both of which afford good illustrations of the 
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aboye principles. If we neglect the difference between the 
two ends, and regard the egg as having a centre of figure 
(14), this would also be its centre of gravity if it were of 
uniform density. Although the yolk is denser than the 
white, yet if they be concentric, as in Fig. 18, a, the centre 
of gravity will still be at their common centre a, and the 
ray a will plainly be longer than b &, &e., rendering the 
equilibrium unstable in every direction. But if the e^ be 
shaken, so as to break the membrane that encloses the yolk, 
and allow that fluid to sink to the lower end, as in Fig. 13, B, 
the centre of gravity is lowered, and may in some cases be 

Rg. 13. 




below G^, the centre of curvature of the surface at the point of 
contact ; in which case the ray a' will become a minimum 
with regard to b' b\ &c., and the equilibrium will be stable. 
This is more likely to happen, the shorter or more spherical 
the e^ I but it is also more probable at the small end than 
at the lar^ey because the latter ccmtains a cavity full of air, 
which must throw the centre of gravity towards the small 
end. The other method (commonly ascribed to Columbus) 
consists in scraping off a little of the shell, so as to flatten a 
small extent of surface (Fig. 13, c), when (the centre of 
gravity remaining at o'') the ray of' becomes a minimum 
among all those drawn to this small surface (all those between 
h^ and b" for instance), so that if the egg be not disturbed 



^ beyond this extent, it will stand. 



24 EXAMPLES OF CENTRE OF GRAVITY. 

19. When a body is supported on a plane by two points, 
the vertical, let Ml from the centre of gravity, ought to fsJl 
upon the line which connects these two points^ Thus, in 
two- wheeled carriages, the vertical of the centre of gravity 
ought to fsdl between the wheels, and upon the line which 
unites their point of contact with the ground. If it fall either 
in advance or in the rear, the carriage is too much loaded in 
front or behind. When carriages go down hill, they are liable 
to upset, if the centre of gravity faJl out of the line of contact 
of the wheels, but this is less likely to happen with large 
wheels and a heavy load placed low down. 

20. When a body rests upon a base more or less extended, 
equilibrium obtains only when the vertical of the centre of 
gravity falls within the area of the base. It matters little 
whether this base be continuous or not ; the base of a square 
table, supported on four legs, is formed by the square of 
which the four legs form the four comers. In proportion as 
the base is extensive, the centre of gravity may be disturbed, 
without deranging the support of the body. 

21. A variety of toys, and feats of posturing, &c., depend 
upon the dexterity with which the vertical of the centre of 
gravity is supported on a very narrow base. In some toys, 
the base is fixed, but exceedingly narrow ; and on this base 
are placed the hind legs of the figure of a prancing horse, 
and the figure rocks backwards and forwards in an appa- 
rently impossible position, by means of a leaden weight 
attached to the further end of a bent wire, proceeding from 
the lower part of the figure, the effect of which is to throw 
the centre of gravity below the centre of motion ; in which 
case, equilibrium is always stable, because eveiy disturbance 
must raise the centre of gravity above its natural (or lowest) 
position, ' to which it will therefore return, as is the case 
with a pendulum, or any hanging body. In balancing rods 
on the hand, chin, &c., the base is in constant motion, and 
the art is to keep this base under the centre of gravity. The 
tight-rope dancer has the double disadvantage of a narrow 
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and also a moveable base. He is greatly assisted by holding 
in bis bands a beavy pole, tbe effect of wbicb is to remove 
the centre of gravity from bis body into tbe centre of. tbe 
pole ; or latber, tbe centre of gravity of tbe dancer and of 
tbe pole taken together is sitaated near tbe centre of tbe 
pole, so tbat, as bas been well observed, tbe dancer may be 
said to bold in bis bands tbe point on tbe position of wbicb 
tbe facility of bis feats depends. Witbont tbe aid of tbe 
pole, tbe centre of gravity wonld be witbin tbe trunk of tbe 
body; and tbose performers wbo dispense witb tbe pole 
may astonish more, bat their motions are fiir less graceful, 
because they are nnable to modify tbe position of tbe centre 
of gravity witb ease and rapidity. 

III. PARALLEL FORCES MOMENTS OP FORCE — THE PRIN- 
CIPLE OF VIRTUAL VELOCITIES. 

22. We have seen that when tbe centre of gravity of a 
body is supported, there is equilibrium, and that if a rigid 
line or aais be passed through tbe centre of gravity, as in 
^ Fig. 11, tbe body will rest indifferently in any position. 

Tbe centre of gravity, then, in any body may be regarded 

as tbe centre of any set of equal and parallel forces acting in 

tbe same direction on all tbe particles of tbe body ; that is 

^ to say, it matters not in what direction these parallel forces 

, act, provided they act all in the $ame direction, their resultant 

' will always pass through this point 

'I, 23. We have seen that tbe resultant of two parallel and 
', equal forces is a parallel line lying midway between them ; but 
.;; we have now to observe that when tbey are unequaly the re- 
sultant is no longer half-way between them, but so situated 
, that its distances from them shall be inversely as their inten- 
sities. The property of tbe centre of gravity enables ns to 
J prove this in tbe following manner. Let A b (Fig. 14) repre- 
1 sent a rigid bar of equal thickness and density throughout its 
^ length. It may obviously be balanced on a single point at 
its centre c, so that all its weight acts as if it were concen- 

Meehamei. v 
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trated at this one point. The same wonld be trne of any other 
sueh har ; for instance, if we suppose the bar to be diyided 
into two bars of nneqnal lengths a d and d b, the former 
might be bahmoed on its centre b, and the latter on its centre 
F. Hence we see thai two paralleL and unequal forces (yiz. 
the weight of A D and the weight of d b), acting at the points 
B and F, haye not their resultant pasnng through the centre 
between b and f, but through o, whidi is nearer b than f in 
the exact ratio that the force at b exceeds that at f ; for the 
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weights of the two 
bars A D and ]> b are 
as their lengths, and 
it is easily seen that 
E G equals half the 
length of D B, and 
that F equals half the length of A D ; so that the distance 
E is to the distance f c inversely as the weight whose 
centre is at e is to the weight whose centre is at f. To test 
the truth of this conclusion, suspend from these points b 
and F two additional weights, bearing the same ratio 
to each other as the weights of a d and d b, so that the 
ratio of the whole force at b to the whole force at f, may 
remain unchanged ; and we shall find the balance of the 
bar continues undisturbed, though there is manifestly more 
weight on one side the fulcrum o than on the other. 

24. Hence we learn, that when two parallel but unequal 
forces are supported or balanced by a third, this third force 

must be equal to the sum of 
the other two ; it must act in 
the contrary direction, and 
must be applied at a point 
nearer the greater force than 
the less, its distances from them 
being inversely as their inten- 
sities. Thus, in Fig. 15, any 
two parallel forces acting at 
A a', and haviug their intensities expressed by the lengths a b 
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PRINCIPLE OF THE LETEB. 27 

and a' b', will be balanced by a force whose intensity is ex- 
pressed by the length b p = a b + a' i/, proyided it act at a 
point p, so situated that p a' : p A : : a B : a' b'. And it 
matters not what may be the common direction of the iaree 
lines representing these forces, provided they be all parallel ; so 
that if a' b' and A B more into the positions a' </ and a c, with- 
out any change of intensity, then b p mnst be moved into the 
position b' p, and the equilibrium wiU remain undisturbed. 

When therefore a force, applied to any point of an inflexible 
bar, supports two other forces applied in the contrary direc- 
tion to two other points of the bar, the above conditions mnst 
apply. Thus, in Fig. 16, when the three forces at b, a, and 
a are in equilibrium, b : a : : the distance a a : the distance 

b a. In its present ^g- ^^' 

position, the figure 
may represent a steel- 
yard, B and A the 
weights pulling down 
its two ends, and a 
the upward reaction 
of the point of support ; but if we turn the figure upside 
down, then it may represent a pole, by which two porters 
are carrying a load, the weight of which acts at a. In such case 
B and A will be the upward forces which the porters must exert 
in order to support it ; and it is thus evident that the bur- 
then is not shared equally between them, unless its centre 
of gravity be over or under the middle of the pole. In its 
present position, b has to support more than a, in the pro- 
portion that A a exceeds b a. 

25. When one point of a rigid body is supposed to be im- 
moveably fixed, the effect of any forces applied to that body 
can only be to turn it round the fixed point, as a centre of 
motion ; and when two points are fixed, the motion can only 
be round the line joining them, which thus becomes an aani. 
Now it is plain from what has been said above, that, in these 
cases, two forces which tend to turn the body in contrary 

C2 
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directions will be in equilibrium if their intensities are in- 
versely as their distances from the centre or axis ; that is, if 
A : B : : the distance of b from the axis, or a b : the distance of 
A from the axis, or a a. But in eyerj proportion, the product 
of the first and last terms is equal to the product of the second 
and third; or, as it is commonly said, the product of the 
extremes = that of the means. Thus, instead of saying that the 
forces A and b are inyersely as the distances a a and a b, we 
may express the same thing by saying that the product of the 
force A X the distance ^ a = the product of the force b x the 
distance a b. That is, if both forces be measured by the same 
unit of pressure {both in ounces or both in pounds, for ex- 
ample), and if both distances be measured by the same unit of 
length (both in inches, or both in feet, for example), then, the 
number that represents each force being multiplied by the num- 
ber that expresses its distance from the axis, the product will 
be the same in each case. Thus, if a straight bar be balanced 
(as in Pig. 16), and, at the distance of one foot from its fulcrum, 
or point of support, a weight of 12 pounds be suspended, it 
will be found that this weight will be balanced by a weight 
of 6 pounds, distant 2 feet on the other side of the fulcrum ; 
or by a weight of 4 pounds at the distance of 3 feet ; or by 
a weight of 3 pounds at the distance of 4 feet. Now by 
multiplying these weights by the number of units (feet) re- 
presenting the distances from the centre, we get in each case 
12; thus, 6 pounds at 2 feet = 12 pounds placed at 1 foot; 
or, 6 X 2 = 12 X 1. In like manner, 4 pounds at 3 feet» or 
4 X 3 = 12 ; and 3 pounds at 4 feet, or 3 x 4 = 12. 

These products are called the moments of the force, and it 
is important to observe that any two forces applied to a body 
supported on an axis, and tending to turn it round, will be 
in equilibrium when the moments of the two forces ore the 
same. In like manner if the moment be doubled or halted, 
or increased or decreased in any proportion, the efficacy of 
the force in turning the body round the axle is doubled er 
halved, or increased or decreased, in exactly the same pro- 
portion. For example, if the weight of 12 pounds in .the 
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last example, situated at 1 foot from the axis, be brought 6 
inches nearer that axis, its moment is reduced one half, and 
to produce equilibrium, the moment of the weight of 6 
pounds on the other side of the axis must be halved also, 
either by bringing it to one foot from the axis, or by re- 
ducing its weight to three pounds ; or if the counterbalancing 
weight be at 3 feet, it will be 2 pounds ; or if at 4 feet, it will 
now be 1^ ; and it will be found that each of these weights, 
multiplied into the distance^ will equal 6, as the weight on 
the other side (12 pounds) x its distance (J afoot) = 6. 

26. It may be evident also from what has been said, that 
by increasing the number of forces on each side of the axis, 
the body will be in equilibrium, provided the sum of the mo- 
ments oh one side of the axis equal the sum of the moments 
on the other side of the axis. For instance, suppose that on 
one side of the axis we have three weights, a, b, c; ▲ of 
2 pounds, at the distance of 2 inches ; b of 3 pounds, at the 
distance of 3 inches ; and o of 3 pounds, at the distance of 
5 inches. j^ moment of a is 2 x 2 = 4 

The moment of b is 3 x 3a 9 
The moment ofci8 3x5al5 



Then the sum of the moments on i 
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'1-2 
one side of the axis • • . • J 

Now, suppose that on the other side of the axis we have 

two weights : d, of 4 pounds, at the distance of 4 inches ; and 

B, of 2 pounds, at the distance of 6 inches. Then 

the moment of d is 4 x 4— 16 

and the moment of e is 2 x 6^ 12 

and the sum of the moments on ^ 
the other side of the axis . . j 
Hence, if several forces tend to turn a body round its 
axis, they will be in equilibrium if the sum of the moments 
of those forces which tend to turn it round in one direction, 
be equal to the sum of the moments of the forces which tend 
to turn it round in the other direction.* 

* It may here be stated, that in order to measure the effects of forces, or 
to find a resultant, an imaginary axis may be assumed anywhere in or out 
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27. As the principle which we are now iUiutratizig is the 
most important in the whole range of metduwioal science, and 
may indeed be considered as the basis of mechanical science, 
it is desirable to illnstiate it bj another method. If two 
weights in eqnilibrium, as in Fig. 16, at the extremities a 
and B of a bar supported on an axis a, pasdng throogh its 
centre of gravity, be made to oscillate gently through a small 
space, it is eyident that the spaces moved through by the 
two ends of the bar will be directly as th^r distances fixmi 
the axis ; for, the angles xam and nan being equal, the 
arcs ▲ m and b n, are as their radii a a and a b. For in- 
stance, if the weight b be 12 pounds, suspended at 3 inches 
from a, its mcmient may be expressed by the number 36; 
and it will be balanced by a w^ght of 6 pounds, 6 inches 
from a, because its moment is also 36. Now if these two 
weights be made to oscillate through a small space, such as 
B m, for the weight which descends^ and a n, for the weight 
which ascends, the latter space will be only half the former, 
because it bears the same ratio to a b (or 3 inches) that ▲ m 
bears to a a (or six inches). 

Hence, if b n be one inch, a m will be two inches, and 
the products of these two quantities, with their respective 
weights, will be equal to each other ; that is, the effect of 12 
pounds moving through 1 inch, or of 6 pounds moving 
through 2 inches of space, is the same. And though we are 
not now concerned with motions, but with preisurei^ the 
same principle applies to them. Any two pressures, how- 
ever unequal (a pressure of one pound and one of 1,000 pounds, 
for instance), will balance each other, if they are so applied 
that the motion of the first through 1,000 inches would be 
necessarily accompanied by a motion of the second through 
OfM indi, and vice ffend. Any means by which this connection 
between the two pressures is effected, is called a machine. 

of the body, and then the distances of the forces being measured from this 
knaginary axis by perpendicolars let £U1 from it npon thdr Kspecttve 
directions, the principle of the equality of moments obtains in respect to 
tiu>se forces about that imaginary axis. 
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lY. THE MECHANICAL POWERS. 

28. The principle which has thus been illostrated (27), is 
known under the name of the prindple of mrtual vdocitiesy and 
is that which regulates the action and constitutes the efficacy 
of eyery machine in which power is employed to oyercome 
^weight or resistance. In the composition of machines, it is 
usual to speak of 9%x meehanieal powers ;* namely, the lever^ 
the wheel and axle^ i^e pulley ^ the inclined plane, the wed^ey 
and the screw; although in reality these contrivances are 
but applications of the principle of virtual yelocities, wherehy 
a small force acting through a large space is converted into 
a great foree acting through a small space. But in this 
there is no gain of power, neither is there any loss ; the ad« 
Tantage is in its application. Every pressure acting with a 
certain velocity, or through a certain space, is convertible 
into greater pressure, acting with a less velocity, or through 
a smaller space ; but the quantity of mechanical force is not 
altered by the transformation, and all that the mechanical 
powers can accomplish is to effect tins transformation. 

29. Before proceediug further with our subject, it may be as 
well to notice that the laws of mechanical science are founded 
on the principle, explained at page 16, note, of considering 
the various properties of bodies (as weight, rigidity, elasti- 
city, &c.) apart from each otheTy before attempting to put 
them together, as they really exist in natural bodies. Thus, 
in the above reasonings on bars or levers, we confine our 
attention at first to one property — ^viz. their rigidity y neglect- 
ing the effects of fiexibility, &c. ; because these effects can 
afterwards be separately considered and allowed for. Thus, 
in order to £Etcilitate the study of Mechanics, and even to 
render it possiblo, it is necessary to assume, at first, a per- 
fection which does not exist. The effects of forces, as they 

* More properly, mecTiamedl elementSt or rimple machines, by the 
combination of which, all other machines are formed. 
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are modified by machines of various kinds, could not be 
studied, without some provision of this kind.; thus, cords and 
rods, or levers, which are machines of the simplest kind, are 
considered as without weight, the cords perfectly flexible, 
and the levers perfectly rigid. In short, bodies must be 
deprived of one or more of their essential properties, or 
mechanical problems would be too complicated for solution ; 
but having obtained a solution on these terms, we are then 
in a condition to modify the result by considering the eflects 
of friction, adhesion, weight, elasticity, compressibility, and 
such like elements, which had been omitted in the first solu- 
tion of the problem. 

30. The Lever. — ^The lever is a bar or rod, supposed to be 
perfectly rigid, and without weight. It may be ttraight or 
hent^ simple or compound. We shall confine our attention 
chiefly to the simple, straight lever, of which there are com- 
monly reckoned three kinds or varieties, depending upon the 
position of the points of application of the mxydng power, and 
the resisting power, with respect to a certain G.x.ed point 
called the ftUcrum, about which the lever is supposed to turn 
freely. The portions of the lever situated on each side of 
the fulcrum are called the arms of the lever. 

31. A lever of the first kind is represented in Fig. 17, 1., in 
which the fulcrum F is situated between the moving power 
p and the resistance or load w. 

Fig. 17, 11^ is a lever of the second kind, in which the 
mover p, and the resistance w, act on the same side of the 
fulcrum; the load moved being between the fulcrum and 
the mover. 

In a lever of the third kind. Fig. 17, III., the mover and 
the load also act on the same side of the fulcrum, but the 
mover p is between the fulcrum p and the load w. Hence, 
in considering the lever statically (or when the two forces 
are balanced)^ there is no difference between the second 
and third kind; for, as we are not supposing any motion 
to be produced, neither force can be regarded as the mover 
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or the moved. To produce motion, it is necessary that one 

force should prevail, and then the lever will become a lever 

of the second or the third kind, according as the force nearer 

to OT further from the Fiff 17 

fulcrum prevails. Thus 

Fig. II. is a lever of the 

second kind, and Fig. 

III. of the third kind, 

only while the weight 

w, in each case, is 

being lifted; but when 

w is being lowered, it 

becomes the mover, 

and p the moved, so 

that Fig. II. becomes 

a lever of the third 

kind, and Fig. III. one 

of the second kind. 

32. From what has 
been already said (25), 
it is evident that, in 
all these levers, the 
power p will sustain 
the weight w, provided the moment of p be equal to that of the 
weight. Thus, in the lever of the first or second kind, if w be 
12 lbs. at the distance of 3 inches from p, its moment will be 
36, and it will bo balanced by p=6 lbs. at the distance of 
6 inches from P, or by p = 4 lbs. at the distance of 9 inches 
from p, and so on* Or, if w be 12 lbs., ae before, and be situ- 
ated at the distance of 3 inches from the fulcrum, its moment 
will be 36 ; consequently, a power of 3 lbs. at the distance 
of 12 inches from the fulcrum, or 2 lbs. at the distance of 
18 inches, will produce equilibriiim. 

33. Levers of the first kind are in very common use ; such 
are a crowbar, used £ot raising stones, and a poker, used for 
raising the coals in the grate, the bar of the grate being the 

c 3 
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falcrain. The common crowbar is sometimes used as a lever of 
the first kind, as in Fig. 18 ; sometimes as a lerer of the second 
kind, as in Fig. 19* The former is the case whenever -we 



Fig. 18. 



Kg. 19. 




press dattnwardi to lift the load, and the latter whenever we 
press upwards. Now, in either figure, a man at p pressing 
the long arm of ihe lever, is able to raise the weight of the 
stone A or B, provided that weight do not exceed his pressure 
on p, in 80 great a ratio as the distance p / exceeds w /i 
If a pressure of 50 lbs. at p lift 300 lbs. at w, then p must 
move mare than six times the distance that w rises ; for, if it 
move only six times that distance, the pressures of 50 lbs. and 
300 lbs. would bahmce each other. Thus, what is gained in 
pressure is lost in distance moved through. If the man applied 
his power halfway between / and p, he need only press through 
half the distance, to produce the same effect on the stone, but 
he must exert t^Dice the pressure. 

34. We have an instance of the lever of the second kind 
in a chipping-knife, fixed at one end, which is the fulcrum ; 
the wood to be cut is placed under it, and is the load, or 
resistance to be moved or overcome, and the power is the 
hand of the workman at the extremity of the blade. A 
wheelbarrow is also a lever of this kind, the wheel being the 
fulcrum, the contents of the bsmrow the weight, and the 
man wheeling it the power. In the common form of wheel- 
barrow, the load is made to incline as much as possible 
towards the wheeL This, of course, is an advantage, because 
the man bears as much less of the load as its centre of gravity 
is nearer to the axle of the wheel than to his hands. An oar 
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may also be regarded as a lever, but to explain its action fully 
would lead us fiir from our present subject* 

35. In a lerer of the third « ^ 
kind, as the fismng-rod, m Fig. 
20, if w be 12 lbs. at a distance 
of 9 feet from the fulcrum / 
its moment may be expressed 
by 108. To keep this in equi<- 
librium by a power nearer to 
the folcnun than the weight is, 
such as p at the distance of 3 feet, would require a force of 
36 lbs. (because 3 X 36 = 108), or, in other words, the 
power is, in this case, three times the weight or resistance; 
and, in all leyers of the third kind, the power must exceed 
tfie load ; hence they are never used where a great weight is 
to be lifted, or a great resistance overcome, but only when it 
is required to. move a small weight through a greater distance 
than it would be convenient to move the hand through. 
From the principle of virtual velocities, before explained (27), 
it will be evident that the advantage of this kind of lever is, 
that it conmiands speed, rathar than force. 

36. The symmetry and compactness of the frames of 
animals depend on the fact, that all their limbs are levers of 
the third kind. The lifting of our forearm and hand through a 
considerable space (say a foot), is effected by the power of a 

* As there is no fixed folcmm, the easiest way Is to regard the oar as 
being drcnmstanced like the rigid line a a' in Fig. 15, which is acted on 
by three forces, viz. a b, the hand of the rower, a' b', the resistance of 
the water against the blade, and r p, the resistance of the water against 
the bow of the boat (transmitted through ihe boat's side to p) ; but, as 
this last is not equal to the sum of the others, it is overcome by them ; 
and, as its point of application, p, is not situated in their resoltant, they 
do not balance each other, but a b prevails over a^ b', as in a leyer of the 
first land, haying its folcmm at that point between pand a' which remains 
stationary during the stroke ; and the same point may also be considered 
as the fulcmm of a lever of the seeond kind, by which the power at a otw* 
comes the resistance at p. 
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muscle applied yory near the fnlcnun, or elbow, and moving 
through a reiy much smaller space (say an inch). This 
muscle must then exert 12 times the force with which the 
hand is moved ; so that when we use a purehcue (t. «. a lever 
of the first or second kind), in order to lift a great weight 
through ft small space, by the motion of our hand through 
12 times that space, this is simply undoing what has been 
done by the natural leverage of the arm. We might have 
dispensed with the lever, if the muscle had been applied to 
the extremity of our limb, instead of its origin. But what 
a clumsy contrivance would the animal frame have presented, 
if thus rigged with muscles, like a ship ! In feu^t, rigging 
presents us with an exact inversion of the muscular system 
of animals. The yards are moved through smcdl spaces 
with great force, by the taking in of much rope with 
comparatively little force. The limbs, on the contrary, are 
moved through great spaces with littU force, by the contrac- 
tion of muscles through very tmall spaces with much greater 
force. 

In raising a ladder by the usual method, it is a lever of 
the second kind, while the centre of gravity is between the 
hands that raise it and the end on which it rests ; and when 
the hands pass the centre of gravity, it is a lever of the third 
kind. 

87. If the arms of the lever, instead of being straight, are 
curved or bent, their length must be reckoned by perpen- 
diculars drawn from the fulcrum, upon the directions of the 
power and weight ; and when the lever is straight, if the 
power and the weight be not parallel in direction, the same 
rule must be observed. Thus Fig. 21 is a bent lever of 
the first kind, and Fig. 22 a straight lever of the second 
or third kind, ftccording aa the flag or the weight prepon- 
derates^ In either figure, the fulcrum is f, a a the direc- 
tion of the power, and b w the direction of the weight. 
If tbe lines a a and b w be continued, and perpendiculars 
jp a and f ^, drawn from the fulcrum to those linear the 
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moment of the power will be found by multiplying the power 
by the line p a, and the moment of the weight by multiplying 
the weight by p ^. If these moments be equal, the power 
will balance the weight. 

Fig. 21. 





38. Many of the most useful implements consist of bent 
double levers, or pairs of levers, connected by a joint, which 
fonns their common fulcrum ; so that they require no external 
fulcrum, or resisting point, for each supplies the necessary 
resistance to the other. Thus scissors, pincers, snuffers, are 
pairs of levers of the first kind ; nutcrackers, of the second 
kind ; and tongs, of the third kind. In the first, when the 
blades are longer than the handles (as in shears), there is a 
gain of speed and loss of power ; but when the handles are 
the longer of the two (as in pincers), there is a loss of speed 
and gain of power. In the second this is always the case, and 
in the third, on the contrary, power is always lost, and extent 
of motion gained. 

" In drawing a nail with steel forceps, or nippers, we have 
a good example," says Amott, '^ of the advantages of using a 
tool : 1st, the nail is seized by the teeth of steel, instead of by 
the soft fingers ; 2nd, instead of the griping force of the 
extreme fingers only, there is the force of the whole hand 
conveyed through the handles of the nippers ; 3rd, the effec- 
tive force is rendered perhaps six times more effective by the 
lever length of the handles ; and 4th, by making the nippers, 
in drawing the nul, rest on one shoulder, as a fulcrum, it 
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acquires all the advantages of the lerer, or daw-bammer, for 
the same purpose." 

89. When the power is required to be considerable, and it 
is not convenient to construct a very long lever, a compoand 
lever, or a eampoiition of levers, is employed. When a 
system of this kind is in eqnilibrium, of course the ratio of 
the power to the load will be compouBded of the ratios sub- 
sisting between ibe arms of each lever; or, in o&er words, 
the power multiplied by the continued pcodvet cf the 
alternate arms commencing from the power, is ^ual to the 
weight multi{died by the continued product of the alternate 
arms, beginning from the weight. For example, in Um ibHow- 
ing arrangement (Fig. 28) wc have thz^ee ieven^ two of the 

second kind, a f, 
a" f", and one of 
the first kind, a' b'; 
and we will now 
consider the man- 
ner in which the 
power p is trans- 
mitted to the 
weight w. The 
power p, acting 
upon the lever a f^ 
produces a down-^ 
ward force at B, 
which bears to p 
the same proper* 
tion as A f to b f. 
Thus, if A F be eight 
times B F, the force at b is eight times the power p. The 
arm a' f' of the second lever is pulled down by a force 
equal to eight times the power at p ; and this will produce a 
force at b^, as many times greater than a', as a' b^ is greater 
than b' f^. Thus, if a' f' be 10 times b' f', the force at b' or 
a'' will be 10 times that at a' or b ; bat this last was 8 times 
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the power, and therefore the force exerted at a'' will be 80 
times the power. So, also, it may be shown that the weight 
w is as many times greater than the force at a*\ as a" i^' is 
greater than b" p". If a!* f" be 6 times b" p", the weight w 
will be 6 times the force at a". As we know this to be 80 
times the power P, the weight, where there is an eqnilibrinm, 
mnst be 480 times the power. 

The same result might haye been obtained more quickly, 
by dividing the product of ▲ p, a' p', and a^ y, by that of 
B p, b' p', and jf P^. Thu% if the three former distances were 
16 inches, 20 indies^ and 18 inches; and the three latter, 
2 inches, 2 indies, and 3 inches; then (16 x 20 x 18) -r 
(2 X 2 X 8) s= 480. The ratio of 480 : 1 is said to be 
eampaunded of the three ratios of 8 : 1, 10 : 1, and 6 : 1. 

The fceiffhin^-machine for turnpike-roads is formed of a 
compofidtion of lerers. It is chiefly used for weighing 
waggons, to ascertain tbat they are not loaded beyond 
what is allowed by law to the breadth of their wheels. It 
consists of a wooden platform, placed orer a pit made in the 
line of the road, and level with its surface ; and so arranged, 
as to move freely up and down, without touching the walls of 
the pit. The levers upon which the platform rests are four ; 
viz. A, B, 0, B, Fig. 24, all converging towards the centre, and 
each moving on a fulcrum, at a, b, o, d, securely fixed in each 
comer of the pit The platform rests by its feet, ci d d^ 
upon steel points, a^hc^d. The four levers are supported 
at the point p, under the centre of the platform, by a 
long lever o e resting upon a steel fulcrum at p, while 
its further end o is carried upwards into the turnpike 
house, where it is connected with one arm of a balance, 
while a scale, suspended from the other arm, carries the 
counterpoise or power, the amount of which, of course, indi-* 
cates the wdght of the waggon on the platform. Now, as the 
four levers a, b, o^ b, are perfectly equal and similar, the effect 
of the weight dlBtributed amongst them is the same as if the 
whole weight zested upon any one. In order, therefore, to 
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ascertain the conditions of equilibrium, we need only con- 
sider one of these leyers, such as a f. Suppose, then, the 
distance from A to f to be 10 times as great ae that from a 

Kg. 24. 




to a, a force of 1 lb. at f would balance 10 lbs. at a, or on the 
platform. So, also, if the distance from e to o be 10 times 
greater than the distance from the fulcrum e to f, a force of 
1 lb. applied so as to raise up the end of the lever g, would 
counterpoise a weight of 10 lbs. on F ; therefore, as we gain 
10 times the power by the first levers, and 10 times more by 
the lever e o, it is evident that a force of 1 lb. tending to 
raise G, would balance 100 lbs. on the platform. If the 
weight of 10 lbs. be placed in the opposite arm of the 
balance to which g is attached, this 10 lbs. will express 
the value of 1,000 lbs. on the platform. When the platform 
is not loaded, the levers are counterpoised by a weight 
applied to the end of the last lever. 

40. The Balance. — One of the most useful and interesting 
applications of the lever is to the halancey which consists 
essentially of a lever of the first kind suspended at its centre, 
and consequently having the two arms equal. This lever 
is called the hearn^ a b. Fig. 25 : the fulcrum^ or centre of 
motion, on which the beam turns, is in the middle ; and the 
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two extremities of the beam, called the poinU of suspension^ 

serve to sustain the pans or scales : ^ is the centre of gravity 

of the beam ; and this should be situated a little below the 

fulcrum, for if it were to 

coincide therewith, that is, 

if the centre of motion and 

the centre of gravity were 

sitnated in the same point, 

the beam, sus we have seen 

(22), would rest idttiffe- 

lently in any position. 

If, on the contrary, the 

centre of gravity were above the centre of motion, the least 

disturbance would cause the beam to upset. 

The points of suspension should be situated so that a 
stndght line A B joining them is perpendicular to the line of 
symmetry formed by joining the centre of gravity ^ with 
the centre of motion m. 

The direction of the line m ^ is shown by a needle or 
index attached to the beam, which in delicate balances 
moves over a graduated arc. This needle may proceed 
either upwards or downwards, provided it be in the vertical 
of the centre of gravity. When the needle points to the 
zero line of the arc, which is of course also in the vertical of 
the centre of gravity, the beam must be horizontal. But by 
means of this index we can also ascertain whether equili- 
brium has been attained, without actually waiting until the 
beam comes to rest. While the beam is oscillating, if it 
really be in equilibrium, the needle will describe equal arcs 
on the graduated scale on each side of the zero point; while, 
if either scale be overloaded, the needle will move through 
more degrees on one side of the scale than on the other. 

41. In a perfect balance, all the parts must be symmetrical 
with the centre of gravity ; that is, the parts on either side 
of this point must be absolutely equal. Such a state of per- 
fection, however, cannot be attained in practice ; the two arms 
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cannot be made perfectly equal; all that the most skiifal 
makar can do is to render the ineqoaHty verj smalL When, 
howeyer, it is necessary to obtain a very exact result, the 
error occasioned by the inequality of the arms of the balance 
can be avoided by the ingenious artifice of double weighing^ 
inrented by Borda. To weigh a body, is to determine how 
many timeff the wtright of this body contains another weight, 
of known Tsloe, such as ounces, or portions of ounces. 
Place the body, whick we will call m, in one scale-pan, 
A, Fig. 25, azid produce equilibrium b^ placing in the other 
scale-pan, b, «ome shot, or dry sand, or other substance in a 
minute state of diyision, so that very small portions may be 
added or subtracted, as occasion requires: by this means 
the needle can be brought exactly to zero^ thereby indicating 
the horizontality of the beam. This being done, we remove 
the body m, and substitute for it known weights, suck as 
ounces and portions of ounces, until die beam is again koii- 
zontal. The amount of this weight will express exactly the 
weight of the body m, because these oonceSy &c., being placed 
under exactly the same circumstances of equilibrium as the 
body M, produce exactly the same effect 

By this method, then, it is not only possible, but easy, 
to weigh truly with a false balance. Under ordinary cir- 
cumstances, an error amounting to a fraction of a grain 
would be of no consequence; but, in weighing for the 
purposes of chemical analysis, an error amounting to the 
thousandth of a grain might be of importance ; hence, this 
method is commonly adopted in such investigations. 

42. In ordinary scales, one can readily ascertain whether 
the point of support is in the middle of the beam, by dianging 
the scale-pans when the balance is in equilibrium. If the 
horizontal position is disturbed by this procese^ the two arms 
are not of the same length. A false ba^nce can also be 
detected by shifting the weights which produce eqnilibriom : 
this also will destroy the horizontal posdtion of the aims, if 
they are sensibly unequal. But this method also furnishes 
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the means £or asooErtaixiiBg the true weight of the substance. 
Some poisons are satisfied with taking the arithmetioal 
mean* of the two weights found in this manner ; but this is 
quite enroneous, and vnll alwajs give too high a result As 
the body is over estimated in one weighing in the tarns ratio 
that it is under estimated in the other weighing, the true 
weight must plainly be ihQ geometrical meant between the 
two false estimates. 

43. The etiMHty of a balance is its tendency to return to, 
and oscillate about, the position of rest, after being disturbed. 
The position of the centre of gravity below the point of 
support determines the stability of a balance. Stability is 
£eu> more easily attsined than sennhilityf or the tendency of 
a loaded balance, when poised, to turn when a rery small 
additional weight is placed in either scale. If there were 
no friction, the scale would torn by the addition of the 
smallest weight. Friction is diminieiied as much as possible 
by placing tiie beam 

upon the support by ^' ^' 

means of knife edges, 
of hard steel, the 
support being also of 
the same materiaL 
See Fig. 26. 

The stability and sensibility of a balance are ascertained 
by the following means. First, as to the stab^ty of one 
balance compared with that of another. A small amount of 
disturbance being given to both, such as one degree, if the 
force with which the fiist endeayours to recoyer its position 
be double or triple that of the second, the stability of the 
first is double or triple that of the second. To oompexe 
these forces, the weight of both scales, multiplied into o d, 

* The arithmetical mean of two qoantities, a and h, is half their sum, 
or i (« + *). 

t The geometrical mean of two quantities, a and b, is the square root of 
thoir product, or ^i. 
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or ihe distance between the centre of motion and the inter- 
section of the line drawn through the points of snspenfflon -with 
the vertical through the centre of motion, mnst be added to 
the weight of the beam, multiplied into c a, or the distance 
between the centre of motion and the centre of gravity of the 
beam. For example; suppose that in two balances these 
quantities are as follows : — 

PIS8T BALAKCS. SSCOHO BALAWCK. 

The arm AD . . 12 inches. 14 inches. 

tt c o . . 2 „ 3 „ 

»» c D • . 1 „ 2 ,f 

Weight of beam . 30 ounces. 50 ounces. 

Weight of both scales 24 ,, 30 „ 

In such case, the stabilities of the first to the second 
balance will be as 84 to 210 ; because 24 x 1 + 30 x 2 = 
84, and 30 X 2 + 50 X 3 = 210. 

44. The sensibility is ascertained by comparing the angles 
through which very small equal weights incline the balances. 
Thus, if a grain put into a scale-pan of each inclines one 
balance 4 degrees, and the other only 2 degrees, the first 
is twice as sensible as the second. To compare the sen- 
sibilities, multiply the length of the arm of each by the 
number which represents the stability of the other in the 
rule given above. Thus, the sensibilities of the preceding 
balances are as 12 x 210 to 14 x 84, or as 2520 to 1176. 

The sensibility of a balance is also ascertained by observing 
the smallest additional weight that will turn it, and then 
comparing this addition with the whole load. Thus, if a 
balance have a troy pound in each scale-pan, and the hori- 
zontality of the beam varies by a small quantity, only just 
perceptible on the addition of i^th of a grain, the balance is 
said to be sensible to Tuhnns^^ P^^^ ^^ ^^ lo&d^ with a pound 
in each scale, or that it will determine the weight of a troy 
pound within -^f^^jfih. part of the whole. Perhaps the most 
setisible balance ever constructed, was that employed for 
verifying the national standard bushel, the weight of which, 
together with the 80 lbs. of water it should contain, was 
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about 250 lbs. With this weight in each scale, the addition 
of a single grain occasioned an immediate variation in the 
index of one- twentieth of an inch) the radius being 50 inches ; 
so that this balance was sensible to xTrivTnr^^ P^^ ^^ ^^® 
weight to be determined. 

The following are the general rules respecting the sen- 
sibility of a balance : — 

1. That, all other things being the same, the sensibility is 
increased by increasing the lengths of its arms. 

2. That, all other things being the same, the sensibility is 
increased by diminishing the weight of the beam.* 

3. That the sensibility is increased by diminishing the 
distance between the centres of gravity and motion. 

4. That the sensibility is increased by diminishing the 
distance of the line joining the points of suspension from the 
centre of motion. 

5. That the sensibility is greater when the load is smaller. 
45. In addition to the balance with equal arms, there are 

various modifications of the lever of the first kind in common 
use for ascertaining the weights of bodies. Such is the 
instrument used by the ancient Romans, called the Roman 
$tatera or steelyard. It consists of a beam of iron, resting 
upon knife-edges or a pivot, with one arm longer than the 
other. Supposing the shorter arm, with the attached scale, 
to be sufficiently heavy to balance the longer arm, when the 
instrument is unloaded, the beam will of course be horizontal. 

* It has been already seen that the sensibility of a balance depends 
on the suspension at the fnlcmm, or middle of the beam. It will be 
perfect, in proportion as friction is diminished between this point and 
the plane which bears it ; for the friction, which results from the super- 
position of two bodies, is a force which acts in the direction of their 
surfaces, and which is in opposition to other forces tending to detach 
these surfaces from each other. Thus, the friction of the knife-edge on 
its support must oppose the turning of the beam round this point. 
This rotation cannot take place without detaching some part of the 
knife-edge and its support from each other. The force required to over- 
come their adhesion is, as we have seen, a measure of the sensibility of the 
balance. 
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The substance to be weighed, w, is suspended from a hook 
attached to the shorter arm, and a constant weight, p, is made 
to slide upon the longer arm, until equilibrium is established. 
Now we know that in the lever the condition of equilibrium 
is, that the weight w, multiplied by its distance from the 
fulcrum, is equal to the power or counterpoise p multiplied 
by its distance from the fulcrum. Now, as the distance of 
the weight from the fulcrum is constant, and as the counter- 
poise is also constant, it is evident that in whatever propor- 
tion w is increased or diminished, the distance between p 
and the fulcrum must be increased or diminished in the 
same proportion; thus, if w be doubled or trebled, the 
distance of p from the fulcrum must also be doubled or 
trebled. 

Hence the principle upon which this instrument is 
graduated is sufficiently simple. Suppose the instrument is 
first to be graduated for weighing pounds. A pound weight 
Pig. 27. is placed in the scale, 

and the counterpoise 
moved towards the 
centre o, Fig. 27, un- 
til the beam is hori- 
zontal. A mark is 
then made with a 
file at a A second 
pound is then placed 
in the scale, and the 
counterpoise moved 
from c, until the beam is again horizontal. A second mark 
is then made ; after which, the whole length of the arm is 
marked with divisions of the same length as that between the 
first and second divisions obtained experimentally. Of course 
the number of any division from c will express the number of 
pounds which the counterpoise p, resting on that division, will 
sustain, and this is the weight of the body w. 

The above illustration is intended to show the principle 
of the instrument, rather than to describe that in common 
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nse. In an ordinary eteelyard, the centre of gnmij is not 
at the folcrum, so that when the weight p is remoyed, the 
longer arm osnallj preponderates; henoe the graduation 
must he connnenced, not from o^ hat from some point 
between b and a These, however, are matten of detail, 
which will he fbnnd treated of fiillj in larger works. The 
great conrenience of the steelyard is in its reqniring only one 
weight. When the substance to be weighed is heayier than 
the constant weight, the pressure on the fulcrum is less than 
in the balance, because with the latter, equilibrium is only 
produced by a weight equal to that of the body to be weighed ; 
but in the steelyard a less weight will suffice. For ezam^e, 
to balance 10 lbs. in a pair of common scales, we must have a 
weight of 10 lbs., making together a load of 20 lbs. ; but in the 
steelyard a weight of 10 lbs. may be balanced by only 1 lb., 
making together a load of only 11 lbs. When, on the con* 
traiy, the constant weight exceeds the substance to be 
weighed, the pressure on the fulcrum is, of course, greater in 
the steelyard than in the balance ; hence the balance is prefer- 
able in determining smidl weights. 

When the counterpoise p is moved to the extreme end of 
the beam, it represents the greatest weight that the instru- 
menty as hitherto described, can determine. There are, 
however, two methods by which the same beam can be made 
to determine heavier weights : 1st, by having another point 
of suspension on the diorter arm, nearer to the fulcrum ; or, 
2ndly, by using a heavier counterpoise. 
46. The Danish balance 
(Fig. 28) differs from the ^' * 

steelyard, just described, 
in having the fulcrum f 
moveable, instead of the 
counterpoise p, which is 
fixed at one extremity) 
while the body to be 
weighed, w, is suspended from a hook at the other extremity. 
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If G be the centre of gravity of the unloaded beam and scale- 
pan, the graduation must commence from that point, since, 
when the fulcrum-loop is there, it poises the unloaded beam and 
scale-pan. By suspending from the hook at w, 1, 2, 3, Ac 
pounds in succession, the divisions may be found to which the 
fidcrum must be removed in order to produce equilibrium. 

47. The henUlever balance is also a convenient form of 
scale in which the weight is constant. It consists of a bent 

p. 29 ^®^®r ABC, Fig. 29, to one end 

of which a weight, c, is fixed, 
and to the other end. A, a hook 
carrying a ecale-pau, w, in 
which the substance to be 
weighed is placed. This lever 
is moveable about an axis, 
B. As the weight in w de- 
presses the shorter arm b a, 
its leverage is constantly di- 
minished, while that of the 
arm c b is constantly in- 
creased. When c counter- 
poises the weight, the division at which it settles on the 
graduated arc expresses its amount. The graduation of the 
instrument of course commences at the point where the 
index settles when there is no load in w. The scale-pan is 
then successively loaded with 1, 2, 3, &c. ounces or pounds, 
and the successive positions of the index marked on the 
arc 

48. Before we conclude this section on the lever, it may be 
as well to notice a common rule for determining the mechcmical 
effuMcy^ or power y of a machine. This is said to be greater 
or less, according as the ratio of the weight to the power is 
greater or less. Thus, if the weight be 20 times the power, 
the mechanical efficacy is said to be 20 ; if 4 times the weight 
is equal to 25 times the power, the mechanical efficacy is ^, 
orej. 
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As the mechanical efficacy of the lever adiilits of being 
varied at pleasure by varying the distances of the power 
and weight from the fulcmm, so we may imagine a lever with 
a power equal to that of any given machine ; such a lever 
is called an eguiv<dent lever^ with respect to that machine. 
As all simple machines may be represented by simple equi- 
valent levers, so the most complex machine may be repre- 
sented by a compound system of equivalent levers, whose 
alternate arms, beginning from the power, bear the same 
proportion to the remaining arms. 

49. The principal use of the common lever is for raising 
weights through small spaces, which is done by a series of 
short intermitting efforts. After the weight has been raised, 
it must be supported in its new position while the lever is 
re-adjusted to repeat the action. The chief defect, therefore, 
of the common lever is want of range and of the means of sup- 
plying continuous motion. This defect would be supplied 
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if the moving power, which in 
all levers must describe an arc 
of a circle, could be made to 
move round the entire circle, 
and so continue to revolve for 
any length of time, still pro- 
ducing always the due propor- 
tion of effect on the resistance 
to be overcome. Now, if the re- 
sistance be acting always in one 
straight line (if it be a weight 
to be lifted, for example), there 
are many ways in which the 
action of the lever may be rendered continuous. Its short 
arm may be repeated several times as the radii of a circle, and 
each of these radii in succession may catch and lift some part 
of the weight, or of a contrivance connected with it. Thus we 
get the machine called the rack ajid pinion (Fig. 80), in which 
the centre, or axis of motion, c c, forma the fulcrum of a lever, 




^1 «B WfNDIuMK 

who«^ loiiger «m A 19 calkd Uw «rAi«i» and describee a 
complete circle; the cdboi^tcir vm i» xepeaied in the figue 

8 tijnefl^ forming the 8 1^VQ« or t^Qth of the />inum, aad 
there is bXwhjs one of Ui^ee esyployed i» lifting^ bj one of 
\ia teeth tb^ raqk b c to which ihe lo^d or other reaistftnoe 
IB. ai^lied* Thue^ as eoan as one of these short arms of the 
leyer has done its work, ^flM^thar is read j to eapplj its plaoe ; 
and althoogh e^ch lifts the weigbt throng onlj a reiy small 
Bfff^sQy the eatiXe range is limited only bj the length of the 
rack. But in lifting the wei^t through this nattge^ the 
hand at a mnst describe sltogeiilher a iqpaoe much greatec, viz. 
in the pr<^rtioii that the eifoionlmnoe add exoeedt the 
height occapied bj 8 teeth o{ the rack* 

50. The flexibility of cord^ affords another still easier means 
of increasing the range of action of the teTcr to almost anj 
extent By filling up the epaoes between the leayea of the 
pinion, in the last example, we may concert ii into a cylinder 
or barrel, on which if a rope be coiled, aiid. the load be sus- 
pended from it, this rope will supply the place of the rack 

9 c> and be wonnd u^ in the same manner- This coostitntes 
the common win(Uam% in which the weight hanging on the 
10^ will exceed the &i»e applied to the winch, and just 
supporting it, in the rsAio that the length, of the wineh, 
measured from its centre of motion, exceeds the mean radius 
of a coil of rope, t . e. the radius of the barrel -f half the thick- 
ness of the rope. 

51. Thus the efficiswyf'af this machine, the wipdbs8». as a 
concentrator <^ force, is aN^yniented either by dimini^biiig the 
t1u«^Bes» of tlMi be-rsd^ or by increasing th^ length of the 
winch ; bnt the barr^ would be too much weakened if 
diminished beyond a oertavs extent, and the winch be^mes 
useless if lengthened beyond the radius of the circle which the 
hand and ann can conveniently describe. Hence arises a 
necessity for multiplying the loo^ arm of tibe lever and making 
it into several radii, in the same way that the ikori arm was 
nu9)tipli^ to form the pinion or the barrel. XMs.Dej^tition of 
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tbe knglBEr trm conctitiites tiia wkeil^ wUdi k eommonly 
reekoBsd «i tke 9eeond timpU ModUit^ altlioQgli, aa we haTe 
saen {49X ^ u ^y ft particohr modification •£ the j^«iP, vis. 
the lever. Hie advasia^ ef the whmL over the single spoke 
or windi is, that however long its ntdina, it can alwajs be 
innied eontiDADuaiy by a fioree whose action k confined to a 
i^all part only of the circumfeieniee. 'This can be effected in 
eitiier of the nodes above described in the case of the cjiort 
aen — via. fint^ by lorming pDojeetioos on the nm of the w&eel, 
to be snocessirely acted on by tiie power in tiie same way that 
tbe leaves of the pinion snecessively act on the nMsistanee ; or 
secondly, by passing a lope or band vonnd the wbe^« 

52. Tbe latter affords an easy mode of exlnbiting tbe pro- 
perties ef this most important nnchine. For tins purpose the 
power is nsnaHy BefHEesented by a small weight snifended 
frooEi a cord which is woud on the oireamfexiraee of the 
wheel; and the resiatanoe by a. lai^r weight on acoid l^t 
is wonnd in a oonlsaiy direction round the aade. 

It will be evident, firom an inspection of this machine, that 
ita condition of equilibrimm is precisdy that of the lever ; 
ODly^ in tliis caaa^ the power is multiplied by the radina c B 
of the wheeVami this will be lonnd equal to the resistance 
multiplied by ti» radius of the axle. I^ for example, the 
power be 1 lb. and the radius of the wheel 22 inches, and 
the load 11 lbs., while the radius of the axle is 2 inches, 
there will be equilibrium, becanee &e moments are in each 
case the ^ame. (26.) 

We may also prove the same diing' by the prindi^ ai 
virtual velocities (27), for in one revolntion of the wheel 
the power disscends through a space equal to the cireum- 
fereace of the wheel, and the weight is raised through a 
space equal to the ciroumfersnce of the axle. Hence, tiie 
movizig power^ multiplied by the velocity of its motion, is 
not less than the load moved,. multiplied by the velocity ef 
its motion. 

5B. The axle in tbe wheel is eridenily not intermitting in 
d2 
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its action, ad in the caite of the common leyer ; bdt the motion 
which the power commtmicates to the load, although slow, 
is constant Hence it has been called the continual or per^ 
pettud lever^ and its mechanical efficacy depends on the ratio 
of the radios of the wheel to the radius of the axle, or the 
length of the lever by which the power acts, to the length of 
that by which the load resists. 

54. The power may be applied to the wheel in various ways ; 
such as by pins placed at rarioos distances round its circum- 
ference, as in the wheel used to worlc the rudder of a ship, in 
which case the hand is used as the power: in some cases the 
rim of the wheel is dispensed with, and a number of long bars 
are inserted in the axle, as in the larger kinds of windlass, in 
which the axle is usually horizontaL In the capstan it is 
verticaL In either case the wheel consists only of diverging 
spokes, rendered portable by a number of holes in the axle, 
into which men insert the ends of these spokes or hand- 
spikes. When the axis is horizontal, each hand-spike is 
removed from one hole to another, the weight being niean- 
while sustained by the action of a ratchet-whed. When the 
axis is vertical, a number of men may work at it, pushing 
the bars before them, and thus there need be no intermission 
of the power. An enormous weight may be raised in this 
way. 

The ratchet or racket-wheel (Fig. 
31) just referred to, is a simple con- 
trivance for preventing a wheel from 
turning except in one direction. A 
catch c plays into the teeth of the 
wheel A B, permitting it to revolve 
in the direction of 45 B, but prevent- 
ing any recoil on the part of the 
weight or resistance contrary to the 
direction of the power. 

55. By increasing the size of the 
wheel in proportion to that of the 
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azle^ forces of very different intensities may be balanced ; 
but as the larger force increases in magnitude, tbe siae of 
the wheel is increased to an inconvenient extent. Hence the 
use of a combination or system of wheels and axles. Now, 
as the wheel and axle is only a modification of the lever, we 
may expect to find that a system of wheels and axles is only 
a modification of the compound lever already described 
(39). Such is the case, and the conditions of equili- 
brium are also the same. The power being applied to the 
circumference of the first wheel, transmits its effect to the 
circumference of the first axle; this acts upon the. circum- 
ference of the second wheel, which transfers the effect to the 
circumference of the second axle, which, in its turn, acts 
upon the circumference . of the third wheel, and this trans- 
mits its effect to the circumference of the third axle ; and thus 
the force is transmitted until it arrives at the circumference 
of the last axle, where it encounters the load or resistance. 

56. There are various methods by which the circumferences 
of the axles are made to act upon the wheels. Sometimes, 
by the mere friction of their sur&ces, the friction being 
increased by cutting the wood so that the grains of the 
opposed surfaces may run in opposite directions; in other 
oases the surfaces are covered with buff leather; but the 
most usual method of transmitting power in complex wheel- 
work is by means of teeth or co^s raised on the surfaces of 
the wheels and axles. The word teeth is usually applied to 
the cogs on the surface of the wheel, while those on the sur- 
huoe of the axle are called leaves^ and the part of the axle 
from which they project is named a pinion^ as already 
noticed (Fig. 80). In a train of wheels thus arranged 
(Fig. 32), the conditions of the equilibrium are the same 
as in a train of levers (Fig. 23), that is to say, the power p is 
to the resistance w, as the continued product of the radii 
of the pinions &, c, d is. to the continued product of the radii 
of the- wheels a, «, /. Thus, if the pinions in Fig. 32 had 
been respectively 1, 2, and 3 inches radius, and the wheels 
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respectiToiy 8, 9, and 12 inches xadina, then 1x2x3 = 6, 
and B X 9 X 12 ss M4y or, in othw worda^ a power ex- 
presased by 6 would countedbalanoe a weight, or oreiosiMe a 
reeifiiancei equal to 864. 

When a eyBtem thus conainicted is in action, the leaTea of 
the pinion must pass in saoeeanoa between the teeth of the 
wheel ; oonsequenUy, the civemnferenees of the wheels and 
pinions mmsi bear a certain proportion to the numbers of 
teeth and leaves; and as the circaniisffences are as the zadii, 
the numbers of the teeth or leaves must be proportienal to 
the radii. Henoe^ in assigning the condition of equilibnom, 
the number of teeth and leaves must be (substituted for 
the radii of the wheels and aades mentioned above, 
otherwise there might be some doubt as to the real or 
effective radius of these bodies, viz. to what part of the 
toothed circumference it shoold be measured. This is known 
by dividing the distance between the centres of the wheel 
and pinion into as many parts as there are teeth in both of 
them together* Thus, if the wheel have 51, and the pinion 
10 teeth, then, the space between their centres being divided 
into 61 parts, the tenth division from the centre of the pinion, 
or the fifty-first from the centre of the wheel, will mark the 
extent of both thmr effective radii ; and two circles drawn with 
these radii, so as to touch at the said division, are called the 
pitch-lineif or pkchr-eireles^ which, as wUl presently be seen, 
form the bases for determining the form and siae of the teeth. 
In wheel-work, therefore, the condition of equilibrium is, as 
expressed by the ratio above, that the power multiplied by the 
product of the numbers of teeth in all the wheels, is equal to 
the load multiplied by the product of the number of leaves in 
all the pinions. If, as in Fig. 82, some of the wheels and 
axles carry teeth, and others not, then, the effective radii of 
the former being measured £rom their centre to their pitch«*line^ 
those of the hitter must be measured from their centre to the 
middle of the thickness of the surrounding rope or band. 

67. The law of virtual velocities (27) applies also to com- 
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]^x wheel^work. The teeth and leaves being equal, the 
ciixmmfereBee (t. &, the pitch-»line) of each t^heel moves 
^itk the same velocity ad that of the pinion by which it is 
driven. Now, as ^aeh wheel revolves in the same time ivith 
its axle, the velocities of their citcnmrerences are as their 
effddive ractii or nnmbers of teeth* Hence the velocity of 
the power, or the velocity of the circumference of the first 
wheel, is to that of the fiihst axle as their radii. Bat the 
velocity of the circumference of the first pinion is equal to 
the velocity of the circumference of the second wheel, which 
is to that of the second pinion as their radii ; and by calcu- 
lathig in this wtiy to the tmd of the tMin, it will be found 
that the velocity of the power is to that of the load as the 
product of the radii of the whedbs to the product of the radii 
of the pinions; or that the poWet, multiplied by the velocity 
of the power, is not less thatt the load multiplied by the 
telodty of the load. 

For example, in Kg. Kg. 32. 

32, let the number of 
leaves on the axle h of 
the first whed a be 
iix times less than the 
number of teeth in the 
drcumference of the 
isecond wheel «, so 
that the wheel may be 
turned only once by 
every six turns of the 
axle 5. In like manner 
the seeond wheel tf, by 
turning six times, turns 
the third wheel / only 
once ; so that the first 
wheel turns thirty-six 

times for only one turn of the third wheel ; and as the 
diameter of the wheel <i to which the power is applied is 
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three times as great as that of the axle d, which bears the 
weight w or the resistance, 3 x 36 = 108. So that 1 : 108 
is in this case the ratio between the velocities w and p 
when moying, and consequently between their weights or 
pressures when in equilibrium. 

58. But as neither this, nor any other system of machinery 
(except that of simple levers), is ever used for tDet^kin^^ but 
always for communicating motion^ we must remember that 
the conditions of equilibrium only inform us what degree of 
force applied to one part of the machine will balance a given 
resistance at another part. But before motion can be pro- 
duced, there must, in addition to this, be a redundancy of 
one force over the other, sufficient to overcome the friction 
and other passive resistances,^ the determination of which, as 
well as of the rate of motion produced, belongs to dynamics. 
Now, as the levers (in Figs. 20, 22, 24) become levers of the 
second or third kind, according as the elower-moving or 
quicker-moving force preponderates, so the train of wheels 
(Fig. 32) serves to concentrate or diffuse force according as 
p or w preponderates ; for in one case a weak force, by acting 
throngh a great space^ is brought to bear upon a powerful 
resistance; in the other, a great force moving through a 
small range expends itself in moving weak resistances 
throngh great spaces. Thus, when a heavy weight hanging 
from a crane descends, it drags the winch round with extreme 
rapidity, but with so little force, that the pressure of a child 
may not only keep it from turning, but reverse its motion, and 
so raise the weight. Hence power is concentrated when the 
pinioBS turn the wheels, but diffused when the wheels turn 
the pinions. Thus the former arrangement is used in a 
crane to gain pwcer^ the latter in a clock or watch to gain 
extent of motion. In one machine, many large turns of the 
handle are necessary to lift the weight a few inches ; in the 
others, the descent of the weight a few feet, or the recoil of 
the spring through three or four turns, suffices to carry the 
seconds hand through 10,080 or 1,440 revolutions. 
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59. In machines where this increase of motion is the object, 
and where no exact proportion between the motions is neces- 
sary, the system of teeth or cogs is seldom used, but the com- 
munication of motion from a large wheel to a small one is 
effected in a better as well as cheaper manner by a strap or 
mdleas hand passing over them both. They may thus be at 
any distance apart, and may turn either the same way or 
contrary ways, according as the strap does or does not cross 
between them ; whereas a toothed wheel and its pinion must 
always turn in contrary directions. The strap may also be 
conducted over pulleys in any direction. 

60. Since wheel- work is used, like other machinery, to trans- 
mit and modify force, it is often a matter of nice calculation 
and contriyance that the predse effect intended should be 
accomplished, especially in watch and clockwork, where the 
object is to produce uniform motions of rotation, in times 
which dre exact multiples of each other. 

In ordinary wheel-work it is usual, in any wheel and 
pinion that act on each other, to use numbers of teeth that 
are prime to each other,* so that each tooth of the pinion 
ipay encounter eyery tooth of the wheel in turn ; by which 
means any irregularities will tend to diminish by constant 
wear, instead of increasing^ as they must do, in watches 
and clocks, where the above plan is evidently inapplicable. 
In these, as well as in all other systems of wheel-work, great 
attention must be paid to the forms «. 33 

of the teeth and leaves, otherwise 
there will be a jolting, grinding ac- 
tion, which would end in their mu- 
tual destruction. Xhe teeth should 
be formed in such a manner that 
those of one wheel press in a direc- 
tion perpendicular to the radius of 
the other wheel ; that is, the pressure 

* Numbers j^n'me to each other are sacb as have no common measure, 
except 1. 




00 



THE CORD 



Fig. 35. 




it will cause tbe other to re- 
Tolve also. U the bases of the 
cones be equal, they will re- 
Yolve in equal times; if un- 
equal, the number of revolutions 
will bear the same proportion 
as the bases. So also the 
properties which belong to the 
whole cones will belong to any 
corresponding parts of them, 
such dabb\ c c\ d dT, and would 
therefore apply to wheels, the 
edges of which are parts, h b\ 
e c\ &c., of the conical surfaces. 
It is necessary, however, that the 
vertices of both cones should coincide as at a ; therefore the 
axes of both wheels must be imagined to be prolonged till they 
meet, and this point will be the common vertex of the cones. 
62. The machines which have been hitherto considered axe 
of two kinds, rigid and ^flexible. The former owe much of their 
mechanical advantage to their inflexibility ; for if levers were 
capable of bending, it is obvious that the laws which regu- 
late their action, on the supposition that they are rigid, 
would no longer apply, or at least would require considerable 
modification. In the cords, however, used as in Figs. 31, 32, for 
converting a straight into a circular motion, or one circular 
motion into another, as in the endless band described in 59, 
perfect flexibility is as great a desideratum as perfect rigidity 
was in the former case. Of course it cannot be attained, but, 
in considering the theory, it is, as aJread/ stated (29 and 14 
note), far more easy to consider such perfection to have been 
attained, and afterwards to make allowances for whatever 
interferes therewith, tHan to attempt, in the flrst instance, to 
solve the problem complicated with these extra and varying 
quantities. 

A rope or thread, perfectly flexible and inextensible, is a 
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machine which enables ds to transmit force from one point to 
another in the direction of its length, as well as hy a ri^d 
bar or rod, but with this difference, that the forces which are 
opposed to each other must always be divellenty whereas with 
a rod they may act either from or towards each other. So &r 
the rigid body appears to present an advantage. But the 
chief advantage of the rope is, that, from its flexibility, a 
force acting in one direction may be made to balance an 
equal force in any other direction. 
Thus, the weight w, Fig. 36, acting in ^' 

the direction h w, may, by means of a I 

'rope passing through a fixed hook or| 
ring ^ be sustained by a power p act< 
ing in the directioh p h. Assuming || 
the rope to be perfectly flexible andl 
smooth, it would suffer no resistance 
either from rigidity or friction in 
passing through the ring, and the cord 
would be stretched everjrwhere with 
the same force which is equal to that of the weight w. 

63. We see, then, that the alteration in the direction of the 
power, by passing the rope through the ring at p, makes no 
difference in the power; it merely enables us to alter its 
direction ; this, however, supposes the rope to be perfectly 
smooth and flexible, and the ring to be free from all roughness ; 
but, as it is not possible to fulfil these conditions, the friction 

' arising from the opposite qualities is greatly diminished by 
substituting for the ring a wheel grooved at the circumfer- 
ence, and turning freely on an axle passing through its 
centre. Such a wheel is called 9, pulley^ and we have already 
made use of it for altering the directions of forces, in the 
experiments illustrated by Figs. 7 and 22. We have now to 
show how, by a different arrangement of pulleys, force may 
not only be transmitted, but also concentrated in degree, thus 
rendering this machine one of the so-caUed mechanical powers; 
and although the pulley is commonly called the third of these, 
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yet it must be reideinbei^ that the cord or rope is the 
efficient agenty no nteohaniod advantage being gained from 
the pulley; for the theory of the pnlley, ad ft mechanical 
power, would be just as complete if the rope were passed 
through perfectly smooth rings, as in Pig* 86. The renl 
mechanical advantage to be derived from this machine is 
founded on the fact, that the same fle^ble totdi mtist always 
undergo the same tension in every part of its length. 

64. Pulleys are eaX\eA fixed or tnovedble^ according as their 
frame is fixed or not, for the sheaf or wheel is alwAJ^ move^ 
10)10 on if s axis. In fixed pulleys, such as those! in Figs. 7 tod 
22, the power and the load are equsQ, so 
that there is no mechanical adtviiita^e^ 
but only a convenience in being ^ble to 
apply the power in any required direc- 
tion. A single moveable pulley^ also 
called a runner^ is shown at a b, 
Fig. 37. 

In this example it is evident that the 
rope must have the same tension every- 
where throughout its Icn^h, or the 
system would not be in equilibrium; 
atd, further, in order to be in equi- 
librium, the tension must be equal to 
the power p ; thus the power p is sup- 
ported by the tension of that part of 
the rope which is between c and P. If 
we call this 1 lb., it will be found that the load w must be 
2 lbs., because this is sup^yorted by thai part of the cord 
lying between h and b, and also by the part between 
D and A. In fact, these two portions, b h and a i>, of the 
cord sustain the weight between them. Or we may regard the 
horizontal diameter of the pulley a b as a lever of the second 
kind, having its fulcrum at b, the power applied at a, and 
the load hanging midway between them. In this arrange- 
ment, therefore, the power is capable of balancing a weight 
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or opponog a resiiitanc^of twice its own amomit It shotild, 
however, be obsenred, that m reokooiiig the load w^ mwsi 
indnde the weight of the 
moveable pnlkj A b, which 



Fig. 38. 



Fig. 39. 




is also sustained bj the 
power« Id Fig. 38 the weight 
is equal to three times the 
power, aikl in Fig. 39 to four 
times the power. In each 
of these cases it will be 
seen that the tension of 
each part of the rope is 
eqnal to the power p. In 
Fig. 38 the load w is dis- 
tributed eqnallj among 
three portions, and in Fig. 
39 among fonr portions of 
the rope ; and as each por- 
tion is stretched eqnalljr bjr 
the power, it follows that 
in the one case the weight 
raised is nearly equal to three times, and, in the other case, 
to four times the power. Hence it appears that in s;^ stems 
of pulleys with one rope and one moveable block,* the load 
is as many times the power as there are different parts of the 
rope engaged in supporting the moveable block; and, m 
general, when the power acts downwards, the number of 
pulleys required equals the number of times that the power 
is fo be concentrated ; but when the power acts upwards, one 
pttlleymay be dispensed with, for in the last three figures 
the power p might have been applied to pull up the cord a, 

* The ilock if the fnxhemotk hi whieh the wheels or 9hea»^ are 
secured by meani of the pivot dr txle. A ootthmatioa of blocks, sheayes, 
and ropes, is called a tackle^ In the pulleys represented in Fig. 38, the 
sheayes move on separate axles ; it is, however, more usual to place them 
side by side on the same axle, as in Fig. 39. 
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wiihont the intervention of the fixed pulley o, which adds 
nothing to the mechanical effect 

65. In the preceding cases we have supposed the parts 
of the rope which support the weight to he parallel, or 
nearly so. When such is not the case, the machine is 
greatly deteriorated as a mechanical power; indeed, at 
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certain ohliquities, the 
power would require to 
he greater than the weight, 
in order to produce equi- 
lihrium. In order to de- 
termine the power neces- 
sary to support a given 
weight when the parts of 
the cord b c, B h, Fig. 40, 
are not parallel, take the 
line B A vertical, and consisting of as many inches (or other 
equal parts) as the weight consists of ounces or pounds. From 
A draw A D, parallel to b H ; and from e draw a e, parallel to 
B c. The force of the weight represented hy the diagonal a b 
will, as abeady stated (9, 10), he equivalent to two forces repre-* 
sented hy b d and b e. The numher of inches in these lines 
respectively will represent the numher of ounces, or pounds, 
which are equivalent to the tensions of the parts b g and b h 
of the cord; hut as these tensions are equal, b d and b e 
must he equal, and each will express the amount of power 
which stretches the cord at p c. As each of the four sides 
of the parallelogram a e b D equally represents the power, 
and as the diagonal a b represents ,the weight, the latter 
must always he less than twice the power which is repre- 
sented hy A E, E B, taken together. But if the angle c b h 
exceed 120% a b will evidently he shorter than e b or b D, 
so that the power at p will require to he greater than the 
weight w ; and this excess may he in any proportion, so that 
it is impossible by any power applied at p, to pull the 
oord c B H mathematically straight, however small the weight 
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w may be, or even if there be no weight except that of the 
cord itself. Hence, also, we see the reason that a harp-string, 
however tightly stretched, can always be polled aside by a 
very small transverse force, idmost infinitely less than its lon- 
gitudinal tension. 

66. In testing the theory of the policy dynamically, or 
by the principle of virtoal velocities, we find that in this, 
as well as in all other machines, whatever is gained in 
force is lost in velocity. It will be fonnd in all the ex- 
amples addoced, that the ascent of the weight is as many 
times less than the descent of the power, as the weight itself 
is greater than the power, Thos (in Fig. 39), if the power 
be 1 lb. and the weight 4 lbs., and it be required to raise the 
weight 1 foot, the power most descend through four feet ; for, 
in order to raise the moyeable block 1 foot, each of the four 
portions of cord by which it bangs most be shortened 1 foot ; 
but as they all form parts of one continued cord, this most 
on the whole be shortened 4 feet, i, e, 4 feet of cord most 
pass oot from the system between the blocks. '^ What then 
do we gain by the pulley ?" it may be asked : the answer is, 
^^ We gain nothing at all ;" for, as far as expenditure of power 
is concerned, we may just as well do without the machine ; 
we gain no power by its means ; all we do is to economize it 
and expend it gradually. In raising a weight of 50 lbs. one 
foot high, the expenditore of power is obyioosly the same, 
whether we accomplish the task by raising 1 lb. through 50 
feet, or 50 separate lbs. through 1 foot ; and in the pulley, or 
any other machine, a weight of 50 lbs. cannot be raised 
a given height with a less expenditure of power than is re- 
quired to raise 100 lbs. half that height, or 1 lb. 50 times that 
height. 

67. In the common form of block, and when there are 
several sheaves on the same axle, it is difficult to keep the 
cords parallel, and the blocks in their respective positions. To 
remedy this, Smeaton invented the blocks shown in Fig. 41, 
the action f which wiU be niore intelligible by omitting the rope. 
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Its eonne, kow«fver) can etmUj be itaoed by means of ibe 
Biimbers afixed to ^be eiieates. One end of the rope is 
Bg. 41. af^aeked to the book a, at tbe bottom of 

I the upper block ; from tbis poiat the rope 
is brought nnder the wheel mad&ed 1, over 
2, fmder 3, over 4, under 5, and so on^ ac- 
cording to ike order of the figures^ until 
it is finally passed oyer tbe wheel marked 
20) on which the power inunediatelj acts. 
In this arrangement the blodcs cannot get 
deranged, because the power acts directly 
over the wdght. The weight being dis* 
tributed over 20 parts of the rope, which 
I are equally stretcked, it follows that liie 
weight is 20 times the power. 

But an arrangement of this kind is 
accompanied by an enormous amount of 
friction ; eadi wheel not only baying to 
bear the friction on its axle^ but fre- 
quently also against the side of the block. 
Another objection arises from the very 
different velocities with which the sheaves revolve. Sup- 
pose that by the action of tbe power the lower bbdc is 
raised one foot nearer to tbe upper one; the several parts 
of the rope between the two blocks will each be shortened 
by one foot One foot of that part of the rope extending 
from the hook in the upper block to the wheel No. 1, must 
pass over that wheel, and also over all the succeeding wheels. 
But that part of the rope extending from No. 1 to No. 2 is 
alio shortened by one foot, and this additional foot of rope 
must also pass over No. 2 and all the succeeding wheels. 
Hence, one foot of rope passes through No. 1, two feet 
through No. 2, three feet through No. d, and so on ; and as 
the velocities with which the wheels revolve are measured by 
the quantities of rope which pass over them in the same 
time, it follows, that while No. 1 revolves once, No. 2 re-> 
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yolves twice, Na 3 three ^mes^ asd bo on ; tiierebj prodttcing 
aa eaormoiis inequality in tbe wear of thb axles. 

68. To remedy these defeots, it was suggested, that if the 
wheels w«re made to diffdr in mee in proportion to the quan- 
tity of rope which must pass over them, they would xeyolre 
in the same time, and might therefore be all fixed on the same 
axis, luid wonkL require no divisions between the different 
sheaves of the same bkx^. For this purpose^ the sheaves 
would Teqtiiie to have their diameters in the proportion of 
the numbers ^^th whidi they are respectively marked in 
Fig. 41. By proportioning wheels in this manner, and placing 
them on the same axle, so that they p. ^^ 

might revolve in exactly the same time ; 
or, what is the same thing, by cutting 
several grooves upon the face of one 
solid conical wheel, with diameters in 
the proportion of the odd numben^ 1, 
3, 5, &c. for the one pulley; and corre- 
sponding grooves on the face of another j 
solid wheel, in the proportion of the 
even numbers, 2, 4, 6, Set. for the other ; 
pulley;* on passing the rope success- 
ively over the grooves of such wheels, it 
would be thrown off in the same manner 
as if each groove were upon a separate | 
wheel, and each wheel on a separate 
axle. Such is the pulley invented by | 
Mr. James White, and represented in 
Fig. 42. Its mechanical advantages are 
very considerable; and when carefully 
made, it is found to answer all that was 
expected of it ; but this very care re- 
quired in its construction is the chief 




* The end of the rope must be attached to this hitter blook» niiether it 
De the tixed or tbe moreabie one. 
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cause of its not getting into general use; for, unless tbe 
grooves are proportioned with great nicety, the rope must ob- 
viously slide upon some of them, i. e, move with a different 
speed from that of their circumferences, thus causing a great 
increase of firiction, and liability to derangement. 

69. In the systems of pulleys hitherto described, there is 
aXwQjB a fixed point which supports each system, answering to 
the fulcrum in the lever. It is evident that this fixed point 
sustains both the power and the weight, as well as the whole 
tackle. When the S3rstem is in equilibrium, the power only 
supports so much of the weight as is equal to the tension of 
the cord, the whole remainder of the weight being thrown on 
the fixed point. In fact, in this, as in all other machines, the 
power sustains just as much of the weight as is equal to its 
own force, the remaining part being sustained by the machine. 
Thus the above system is in equilibrium with a power of 
10 lbs. and a weight of 70 lbs. Now, it is obviously impos- 
sible for this smaller weight to sustain the larger one : the 
tension of the cord marked 1 is equal to 10 lbs. ; and as the 
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tension is everywhere the same, it follows, 
that each portion of the cord up to 8 has a 
tension of 10 lbs.; so that the cord No. 1 
sustains the power = 10 lbs. ; and the seven 
other cords (2 to 8 inclusive) sustain between 
them a weight of 70 lbs. 

70. In the pulleys hitherto described, only 
one rope has been introduced ; we have now 
to consider the effect of several distinct ropes 
in the same system. Pulleys containing more 
than one rope are called Spanish bartons. 
Such a system is represented in Fig. 43, con- 
taining two ropes. The tension of the rope 
p B A D is evidently equal to the power ; con- 
sequently, the portions a b and a d must each 
sustain a portion of the weight equal to the 
power. The rope c b sustains the tensions 
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of B P and B A, and therefore the tension of b c a must equal 
twice the power. The united tensions of the Fig. 44. 
ropes wbieh snppotrt the pulley a amount, 
therefore, to four times the power. The ten- 
sions of the respective ropes are marked in 
figures, fio that the reader will be able to 
study the system from the figure itself^ which 
is an excellent method of impressing mechar 
nical princijdes on the mind. All verbal de- 
scriptions must necessarily be somewhat 
complex, and consequently far inferior to the 
graphic eloquence of a well-executed diagram. 

71. By a slight variation in the last-men- 
tioned system, the power of the machine may 
be increased (see Fig. 44). The rope which 
sustains the power p is here attached to the 
block A, and consequently sustains a part of 
the weight equal to p. The second rope, b c ad, 
acts against the united tensions of p b and 
B A, 80 that the tension of b c, or 
c A, or A D, is twice p. Thus the 
weight w balances three tensions, 
two of which (a c and a d) ai-e 
each equal to twice p, and the third 
(a b) is equal to p; hence the 
weight is five times, the power. 

72. In the system represented 
in Fig. 45, four ropes are intro- 
duced. The tensions of the several 
ropes will be understood from the 
numbers, and it will be seen that 
in this arrangement the multiplica- 
tion of the power increases rapidly 
with the number of pulleys, being 
doubled by every moveable pulley 
added; but this advantage over the 
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common arrangement is .more than comiterValanced bj tBe 
very limited range ; for in the common blockg, the motiea 
TMJ be eoitHined t^ the fixed and the moreable Uock come 
into cantMii but, in this system, onty till D and b come 
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together, at which tiioe the 
oth^ paMejs will be leir apart, 
because o riseff only half as £ut 
as St, B onfy oae^fburti^ and A 
only one-eighth as £sst. Hence 
the longest possible range is bat 
a small portion of the wlu^ 
height occupied by this system, 
which accordingly emtaOs a 
greant waste of MpsMOi and is 
hardly of any practieal nse. 

7d« The meohamcal efioi^ 
eney of tiiis system may be 
greatly increas&i by substi- 
tuting fixed polleys ior tbe 
hooks in Fig. 45s ^^^ mudber 
of ropes remaioahg the sama 
In this case, Fig. 4^, the teiv- 
sions of the suooessiye ropes 
increase in a thiseefold, instead 
^Hl of a douUe proportion, as will 
be erident by tracings tiie course ci each rope in Fig. 46. In 
such an arrangement one rope would balance three timeathe 
power; two ropes 3 X 3, or 9 times the power; the third 
rope balanees three portions of the second^ and consequently 
its tension would equal 3 x 9^ or 27 times i^e power ; tlsB 
fourth rope, in like mfmner, balandng tbvee distinct portions 
of the third, would have its tenaon ea^iressed by d x 27 
s= 81, which would be the weight w, the. power p being 1.* 




* This %iirei at the top of the last four diagrams show tbe resistances 
required at the several points of suspension. The reason for tiiese will be 
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The Uwiited niAge of thk> ab of the kai qrsiem, lendeis it 
pmoiicftU J nwkaft. 

74, In ihem omsm w« ha^e net neiiced the effeet of ibft 
wepghtB ol the sheaTos wd Uwk^ 0« esununiDg the figaies^ 
it will be found that in some cases their weight acts a^^untfb 
thft poweir (F%9. 37, 38, 3d, 41, i% 45, 46) ; in other cases, 
thejr aaeiflt ih* power in supporting the weight (Figs. 43» 44) ; 
and tbwe ate (»ses in whiish the weights of the sheayea and 
blocks are nade to balance each oilier. 

75^ The next so-called veohanioal power is the ineliniMl 
plane. It is. e^ally simpk with the le^er; and, like ihal 
machine^ naturatiy snggestsitself to tiie mind in raising a load 
to a roodaiate hei^t, espcoiaUy when the load is of snch a 
fcnuaa to admitoC being rolled* Thosheasry caaks are raised 
into a cart or dray by means of a ladder used as an inclined 
pla4»e ; mkI are moved out of the cart by the aame contrivance. 
In sifteh a case, iite atnogth of one or two men is snfloient to 
X9im a Ioa4 of many bandoaiweight, which, but for this, or- 
some other machine, tiheycodld not possibly lift from off the 
KiQund. 

7^. Kow, the statical problem of the inclined phuie is this : — 
saj^ose, for example, it is required to raise a cask weighing 
1,0(^0 lbs. into, a cart 5 feet high, by means of a ladder or 
plaok 14 feed long, resting against tha cart The q^ueation 
is,— ^What force must be exerted to pwrei^ the cask zoffing 
dowu the plank» supposing it to have no friction I Tile 
aiiswer ie 357^ lbs. ; becaose the foroe would have to aat 
through a distance of 14 feet or inches^ to raise the waq^ 
5 fiaet or iodhes higher, or it would be driven back 14 unite «f 
hn^ by the descent of the cask 5 units lower. Therefors^ as 
14 : ^ : : 1,000 Iba : 357^ iba That is, if a man by himself 
n t^9e men acting (ogetJiter, exert a power of 857| lbs. in 

evident <m inspecting the ropes hanging from each point ; and bj adding 
all tl^ese resistances together, it will be seen that in all cases tbej eonal the 
•um of toe power p and tne weight w. 
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the proper direction, they will be able to keep this cask of 
1,000 lbs. weight from rolling down, however smooth may be 
the inclined plane ; but as there is always some £riction, 
a lest power than this will always snffice to produce eqoili- 
brimn.* 

77. This case is clearly analogous to those already noticed 
in the lever and the pulley, where a small power appears to 
balance a weight many times greater than itself. But the 
rigour of mechanical justice requires that for work done 
there shall always be an equivalent expenditure of force; 
that for every weight raised there shall always be an equi- 
valent exertion of power; and in the above example, we 
see that 1,000 lbs. raised through 5 feet, is equivalent to 
d57|lbs. raised through 14 feet, because 1,000 x 5 = 357^ 
X 14. 

78. The inclined plane is regarded in mechanical science as 
a perfectly hard, smooth, inflexible surfEuse, inclined obliquely 
to the weight or resistance. The line A c, Fig. 47, is called 
the length of the inclined plane, b c its height^ and a b its 
base. If o be a heavy body placed upon it, it will act in the 
vertical direction g y, of a line passing through its centre of 
gravity o. Now G v may be made the diagonal of a paral- 

p. ^y lelogram g w v x, so that if 

G y represent the magnitude 
and direction of the weight, 
it may be resolved into the 
two forces represented in 
direction and magnitude by 
Q w and G X, one of which is 
parallel, and the other per- 
pendicular to the plane; hence 
the pressure q y is equivalent to two other pressures, g w and 
G X ; the former of which, g w, is destroyed by the resistance 

* Tne subject of Friction is noticed in "The Rudimenti of Ciiil 
Engineering/' Part I. pp. 31—35. 
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plane, and the latter o x only acts to cause the descent of 
the hody down the phme. Now GxistovoasBoiato 
A B ; that is to say, a weight placed upon an inclined plane 
is propelled down the plane hy a force bearing snch propor- 
tion to the weight, as the height of any section of the plane 
bears to its length. If, therefore, it were required to draw 
the heavy body g up the plane, any pressure in the direction 
X G exceeding g x and the friction, would be sui&cient to do 
80 ; and any pressure in the same direction, which, with the 
friction, equals G x, would hold the weight in equilibrium. 

The same thing may be proved in another way. Let g w 
be drawn perpendicular to A (, and G v vertical, which is the 
direction in which the weight acts, while x G or g T is the 
direction in which the power acts; and these two forces 
compose a force equal to the pressure of G on the plane, per- 
pendicular to A B, and forming the diagonal G w of a paral- 
lelogram, of which G V, G Y are the sides. Now, we know 
by the composition of forces (7, 10, 11), that the three lines 
Gv, OY, and Gw, 
are proportional to . 
the forces in those 
directions, so that 
the power p is to the 
weight G as gY is to 
G V, or as A G is to I 
AB; the triangles 
6 V w, w Y G, and a b o, being all obviously similar. Hence, if 
two weights balance each other on two inclined planes of the 
same height (as in Fig. 48), the weights must be directly pro- 
portioned to the lengths of the planes on which they rest 

79. In the foregoing examples the power acts in a direction 
parallel with the surface of the plane, for if the plane be sup- 
posed to be without friction, this is the most advantageous way 
of applying it.* If it act in any other direction, such as w d, 

* Because the whole effect of the power is exerted in drawing the weight 
up the plane ; whereas, if the power be directed abow the plane, as in fig. 49, 

Mechanics, S 
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Fig. 49, we get tlie proportion of the power p to tbe weight 
w by drawing w t perpendicular to the plane a c, w b the 

yertical of the centre of 
^' ' gravity of w, and b p parallel 

to w D. Now the two forces 
p and w must be propor- 
tional to the lines vr d and 
w E, or they will not com- 
pound a pressure wp per- 
pendicular to the plane, 
which is necessary to main- 
tain equilibrium. 
If the power act parallel to the base of the plane, as in the 
direction w d, Fig. 50, its proportion to the weight will be that 
of the height of the plane to the base, for if w B be the vertical 
of the centre of gravity of w, and w d parallel to the base in the 
direction of the power, then w p will be the resultant of the 
weight and power, and must (to preserve equilibrium) be 

perpendicular to the plane ; 
T^kS' &0. but this cannot be the case 

unless the triangles dpw, 
w p B, be each similar to 
the triangle bag; there- 
fore the power will be re- 
presented by the height c B, 
the weight by the base ba, 
and the pressure by the 
length A c. 
80. Such are the most important properties of the inclined 
plane, to which the principle of virtual velocities is as appli- 

it is partly expended ia diminishi]^ the pressare, and partly in drawing it 
up the plane. If the power be directed below the i^ne, as in fig. 50, it 
is partly expended in increasing the pressare, the remaining part only being 
efficient in drawing the weight up the plane. It will be seen hereafter that 
if friction be taken into consideration, the direction in which the power acts 
with most advantage is altered. 
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cable as to the other mechanical powers aJreadj considered. 
Let the weight o, Fig. 47, be at the foot of the plane, and the 
power p at the top ; then let p descend until Ct arrive at the 
top of the plane. Of course p will have descended through 
a depth equal to the length of the plane, while o will have 
ascended through a depth equal to its height; hence the 
perpendicular spaces through which the weight and power 
move in the same time are in the proportion of their velodties. 
The proportion of the weight to the power is that of the 
length to the height ; hence the power and the weight are 
reciprocally as their virtual velocities, p multiplied by the 
space through which it moves is ^qual to w multiplied by the 
space through which it moves. Hence, if the height cf the 
plane he 2 feet, and its length 50 feet, p will have to descend 
50 feet, while w is raised 2 feet in vertical height ; and accord- 
ingly p must, as we have seen, exceed ^ of the weight of w 
in order to effect this. In this example we have supposed the 
power to act parallel to the surface of the plane. If it act it 
any other direction, the principle of virtual velocities will still 
be found to apply. 

81. Some of the grandest examples of inclined planes are to 
be found in roads, the inclination of which, when they are not 
level, is expressed by the height corresponding to a certain 
length. Thus, when it is said that a certain road has a rise 
of 1 in 20, &C., it is meant, that if 20 yards or feet, or 20 
of any other units, be measured upon the road, the difference 
in level between the two extremities of the ifistance measured is 
1 such unit.* On a level road the power is expended merely 
to overcome friction ; and on the same nad it always bears a 
constant ratio to the load. This ratio varies on common roads, 
according to their goodness, from ^ to -^ or ^ of the load ; 

* The objeet of road-making is to render the Indined planes (which are 
naturally short and numerous) as few and long as possifole, by throwing 
several into one. Single planes, however, of any considerable length, can 
rarely be obtained. There is said to be none longer than that from lima to 
Callao, which is about 6 miles, and has a descent of 511 fiset, or about 1 in 60. 
B 2 
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but on an iron railway it is no more than y^ j or ^^ thereof, 
according to the dryness or dampness of the rails.* Now, on 
a road rising 1 in 20, the power (a horse, for example) has 
not only to overcome friction, but has really to lift ^ of the 
load. So that if the whole force required on a leyel road were 
•j^ of the load, on this rise it would become -^ + -^^ or 
would be not quite double the force required on the leveL But 
suppose that, instead of a common road, it were a railway, and 
that the force required on the level were only j^ of the load, 
then on the inclined plane we should require ^hf + tV = rflT) 
or eight times the power required on the leveL Hence, the 
reason that steep planes are so much less admissible on rail- 
roads than on common roads ; and it is often necessary in road- 
making, and especially railroad-making, to take a circuitous 
route rather than carry the road over a steep hill. So also, a 
careful driver, in ascending a steep hill, will wind from side to 
side of the road to save his horses, knowing practically that 
in ascending a certain height the exertion is less by increasing 
the distance, which is done by this zigzag motion. The reasons 
for this practice, however, belong rather to physiology than to 
Mechanics, because, mechanically, the whole exertion required 
to lift the load to a given height must be the same, whether 
the route be long or short ; and the exertion required to over- 
come the friction must be greater, the longer the journey. 

It was seen in Fig. 48 that a weight upon one inclined 
plane may be made to raise or support a weight upon another 
inclined plane. It is not necessary that the two inclines 
should form an angle with each other, as in the figure. They 
may be in any position, and be connected by a rope 
passing over wheels, &c. Thus, in some railways, loaded 
waggons are made to descend one incline, and the force of 

* Hence, ft carriage left to itself on an inclined road will not roll down 
nnless the inclination exceed 1 in 20, or 1 in 40 (according to its 
smoothness), but on a railway it will roll down an inclination of 1 in 
150 or 200. For particulars respecting alidinff friction, see ** Rudiments 
of Cvril Engineering," Part I. pp. 31—35. 
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their descent serves to draw another set of waggons up 
another Incline. 

82. Instead of lifting a load by moving it along an inclined 
plane, we may effect the same thing by thrusting an inclined 
plane under the load. A moveable inclined plane is called a 
'ioedge^ and it has sometimes been raised to the dignity of a 
distinct mechanical power. In its simplest form, as used for 
raising weights (such as shores placed to support buildings, 
the centres for arches, &c.), its theory is precisely similar to 
that of Fig. 50, in which, instead of drawing the load in the 
direction w D, we may draw the moveable inclined plane (or 
wedge) a b c, in the opposite direction d w ; and if w be free 
to move only vertically up and down, it will obviously be 
raised through a height equal to B c by the motion of the 
wedge through a space equal to b a. In the wedge or move- 
able inclined plane (omitting the consideration of friction), the 
moving power must bear to the resistance moved, the ratio 
which the height of the plane bears to its hcuey and not (as in 
the fixed inclined plane, Fig. 47) the ratio of the height to 
the length. In the fixed plane, therefore, the power always 
balances a load greater than itself however steep the slope 
may be ; but in the wedge, the power and the load will be 
equal if the slope be 45^ ; and if it be steeper than this, the 
power will have to exceed the load. Thus, when the cen- 
tring for an arch descends by displacing the wedges on which 
it rests, a great power expends itself in overcoming a very 
small resistance, viz., that arising from the friction of the 
wedges ; and, generally speaking, it is not able to overcome 
even that resistance. 

88. As the wedge is commonly used for separating two 
surfaces that are pressed together by some force which consti- 
tutes the resistance, we must regard it in this case as a 
donhle wedge, or two inclined planes joined base to base. 
Such a wedge is generally used for cleaving timber, in 
which case it is urged by percussion. As regards its effi- 
ciency as a machine, the same rule has been applied to i\ 
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as to other simple macbines ; the force acting on the wedge 
being considered to moye through its length d Cy while 
the resistance yields to the extent of its 
^' ' breadth ab. The force of percussion 

(as will presently be explained) differs so 
completely from continued forces, such 
as have hitherto been considered, that it 
admits of no numerical comparison with 
them; t. «., the proportion between a blow 
and a pressure cannot be defined; so 
that the theofy of the wedge, as ^ren in 
scientific mechanics, is of scarcely any 
practical value; and, besides this, the value of the wedge 
often depends upon that which is omitted in its theory, 
namely, the firiction between its surfaces and the substance 
which they divide, as in the case of nails, bolts, and pins, 
used for binding substances together. Indeed, if it were not 
for friction, the wedge would recoil after every blow ; hence 
the friction, in this case, has been aptly compared to the 
ratchet-wheel (Fig. 31), which allows the intermission of the 
power without loss of effect. 

84. The wedge is especially useful where a very great force 
is required to be exerted through a very small space. A tall 
chimney, which, through some defect in the foundation, has 
£illen from the perpendicular, has been restored by means of 
the wedge. A ship is often raised in dock by wedges driven 
under its keeL The wedge is the chief power used in the 
oil-mill, where oil is obtained from seeds by enormous pres- 
sure. Masses of timber and stone are also split by means 
of the wedge. The application of the wedge is most exten- 
sive in cutting and piercing instruments, such as razors, 
knives, chisels, awls, pins, needles, &o. The angle of the 
wedge is made to vary according to the purpose to which 
the instrument is to be applied. The mechanical power of 
the wedge is increased by diminishing its angle, but, in pro- 
portion as this is done, the strength of the tool is diminished 
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AccordiDgly, the angle of the wedge is made to vary in 
different tools ; in those used for catting wood it is generallj 
about 80^; for outting iron^ it is from 50^ to 60°; and for 
brass, from 80'' to 90"^. 

85. Another yarietj of moveable inclined plane, commonly 
regarded as the sixth and last simple machine, is called the 
screw. In the case of the inclined plane, its mechanical 
effect is not impaired by giving it a curved instead of a 
straight course. Whether it be made to wind round a hill, 
or proceed in a straight line to the summit, is a matter 
of no consequence, except that the winding incline will be 
longer and easier than the shorter and steeper one. Now, 
the screw is nothing more than an inclined plane winding 
round a cylinder, and bearing the same relation to the 
ordinary inclined plane, that a circular staircase does to a 
straight one. The cylinder constitutes the body of the 
screw, and the inclined plane is. called its worm or thread. 

The screw, then, is an in- Fig. 52. 

clined plane, constructed upon 
the surface of a cylinder ; and 
the usual method of forming 
it is at the turning lathe, in 
which a cylinder of wood, or 
metaJ, is made to revolve upon 
its axis; and a cutting point 
being presented to it, is moved 
in the direction of the length of 
the cylinder, at such a rate as fe= -. 
to be carried through the dis« 

tance ▲ b between two turns of the thread, while the cylinder 
revolves once. The shape of the thread may be square or 
triangular: the former is the stronger, but the latter has 
least friction, because there is least surface to rub. 

86. In the application of the screw, the power is usually 
transmitted by causing the screw to move through a hollow 
cylinder, or nut^ n, on the interior surface of which are a 
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number of tlireads, exactly eorresponding to those on the 
screw. The threads of the screw moye in the spaces be- 
tween the threads of the nut, and vice vend. The power 
is applied, either to turn the nut while the screw is preyented 
from turning, or to turn the screw while the nut is kept from 
turning. Neither can be done without producing a longi- 
tudinal motion of one or the other, whicheyer meets with 
least longitudinal resistance ; but this resistance may exceed 
the turning power, in the proportion that ' the reyolving 
motion exceeds the longitudinal motion. Thus we gain power 
by losing motion, as in all oth^ cases where power appears 
to be increased. 

87. In the method of applying the screw shown in the 
aboye figure, we get really a compound machine, consisting of 
the leyer and the screw. The power is applied to the end of 
the lever at p, while the weight or pressure, w, is sustained by 
the screw, as in the common screw -press^ Now, supposing 
the distance A B, between any two threads of the screw, to 
be half an inch, and the circumference of the circle described 
by turning round the end of the leyer p to be 5 feet, or 60 
inches, or 120 half-inches ; then, a force or pressure of 1 lb. 
at p would sustain 120 lbs. at w. This is, of course, omit- 
ting the effect of friction, which in the case of the screw is 
very great.* The condition of equilibrium, therefore, is, 
that the power, multiplied by the circumference which it 
describes, is equal to the weight, or resistance, multiplied by 
the distance the screw or nut can move longitudinally during 
one turn, i, «., the distance between the centres, or other cor- 
responding parts, of two contiguous threads, or rather turns 
of the same thread,t which distance is called the pitch of 



* It is almost always sufficient by itself (as in the wedge) to baUnce 
the longitudinal force w without any assistance at p. Thus, it generally 
happens that no longitudinal force is sufficient to turn the screw, for its 
threads would be destroyed rather than turn. 

t In Fig. 52 this distance is twice a b, because the screw is double^ 
threaded. Screws with more than one thread are occasionally (though 
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the screw. Or, the power : the weight : : the distance 
between two contiguous threads : the circumference described 
by the power; which agrees with the principle of virtual 
velocities. 

It will be seen from this, that we may increase the mecha- 
nical efficacy of the screw, either by causing the power to 
move through a greater space, by increasing the length of 
the lever ; or, secondly, by increasing the number of turns 
of the thread, the effect of which will be to bring them 
closer together. Thus, in the above example, if the pitch 
were ^ instead of J an inch, the other conditions remaining 
the same, the efficacy of the machine would be doubled, 
and the power of 1 lb. would sustain 240 lbs., instead of 
120 lbs. 

88. There is, however, a practical difficulty in increasing 
the number of turns in the thread of a screw, for, as they 
become crowded into a small space, they become more delicate, 
and are apt to be torn off under a considerable force, while, if 
the length of the lever be increased, the machine becomes 
unwieldy. These objections have been entirely got rid of by 
the ingenious contrivance of the differential screw by Mr. 
John Hunter, the celebrated surgeon. A b, Fig. 53, is a nut, 
or plate of metal, in which the screw c d plays. We will 
suppose the number of threads in this screw to be 10 in 
every inch. This screw c d is a hollow nut, receiving the 
smaller screw db, which contains, we will suppose, 11 
threads in every inch; this smaller screw is free to move 
longitudinally, but is prevented from moving round with the 
former, by means of the frame-work a f o b of the press. Now, 

very rarely) made. They are only useful in cases where a longitudinal 
force is to produce rotary motion. For instance, the interior of a rifle- 
barrel is a screw, or rather nut of this Idnd, intended to impart to the ball 
a rotation round the line of its motion ; the use of which is, to prevent 
a rotation round any other axis, which usually takes place in other pro- 
jectOes, and (unless they be perfectly spherical) increases the resistance 
they encounter. 
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if the bandle c K L be tamed 
round 10 times, the screw o d will 
more 1 inch upwards; and if the 
smaller screw d e were to move 
with G i>, the point e would ad- 
vance an inch. If we then turned 
the screw db alone 10 times back- 
wards, the point E would move 
down ■}^th8 of an inch ; and the 
result of both motions would have 
been to lift the point e ^th of 
an inch upwards. But if the screw 
CB is turned 10 times round, 
while D E is kept from turning, 
the eOdct will be the same as 
if it had moved 10 times round with od, and then have 
been turned back again ten times without od; that is, it 
will advance -j^^th of an inch, and at one turn instead of 
10 it will advance ^^th of -^th, or xhr^^ ^^ ^^ ^^<3h. If, 
therefore, the lever at K move through a whole circumference 
of a circle, the part b, which acts directly upon the weight, is 
moved through a space equal to the diffhrenee between the 
pitch of the thread of o d and that of d e ; whence the name 
of the arrangement. If we suppose the handle to be only 
6 inches long, the power of this machine will be expressed 
by the number of times the 110th of an inch is contained in 
the circumference of a circle of 6 inches radius, or 12 inches 
diameter* Now, by multiplying the diameter of a circle by 
3.1416, we get its circumference; and 

12 X 3.1416 = 37.6992 x 110 = 4146.912; 

so that, by moving the power once round with the force, say 
of 1 lb., the screw is raised through the 110th part of an 
inch, with a force of 4147 lbs. nearly; which shows the 
superiority of this over the common screw ; for, in the latter, 
to gain the same power, there must be 110 threads in an 
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inch, which would render them too weak to resist anj consi- . 
derable force. 

In the usual method of applying Hunter s screw, the two 
threads are cut on different parts of the same cylinder. Upon 
these are placed nuts, which are capable of moving in the 
direction of the length, but are not allowed to turn round. 
It is clear, therefore, that by taming the screw once round, 
the two nuts will be brought nearer together, or driven farther 
apart, according to the direction in which the screw is turned, 
through a space equal to the difference of the pitch of the 
two threads. In this way. Hunter's screw is well adapted to 
the purposes of a micrometer icrew, because it admits of an 
indefinitely slow motion, without requiring exquisite work- 
manship in the thread. The uses of the screw as a micro- 
meter have been noticed in our ^^ Introduction to the Study of 
Natural Philosophy," 

89. Fig. 54 is a contrivance usually described, in books on 
Mechanics, while speaking of the screw. It is called the 
endless^ or perpetttal screw, from having no Fig. H, 

longitudinal motion, and therefore no limit 
to its range ; but is really a complex ma- 
chine, being compounded of the screw and 
the wheel. The thread of the itorew is so 
arranged as to act upon the teeth of the 
wheel, which are placed obliquely to its 
axle, like the sails of a windmill; and, in fact, may be 
regarded as forming exceedingly short portions of the threads 
of a many-threaded screw, of which the wheel forms a very 
thin slice, perpendicular to its axis. This wheel bears the 
same relation to the nvf, whose place it supplies, that the 
spur-wheel (Fig. 33) bears to the rack (Fig. 30). If the 
common screw be allowed no motion but that of rotation, its 
nut must move longitudinally ; and the teeth of this wheel 
move longitudinally with regard to the small cylinder, but the 
wheel renders this motion circular, and therefore unlimited. 
The cylinder, on which the screw is cut, being set in motion 
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bj a winch, or other meaDs, produces a motion of the wheel 
upon its own axis, which may be in any direction. The rela* 
tion between the power and the resistance, supposing the 
circles which they describe to be eqttal^ will be as unity to the 
number of teeth in the wheel ; for each turn of the screw 
only mores the wheel through the space of one tooth. Hence, 
if the power and the resistance act with different leverage, or 
at different distances from their respective axes of motion, 
the moment of the load, with regard to the axis of the wheel, 
may exceed the moment of the power, with regard to the axis 
of the screw, as many times as the wheel has teeth. For 
instance, let the wheel have 80 teeth : let the power act on 
a winch 1 foot long, and the load be a weight hanging from 
a barrel of 3 inches diameter ; then the power applied to the 
circumference of the wheel must be 8 times the load (for 
1 foot -r- 1} inch = 8); but, as there are 30 teeth in the 
wheel, the load on the winch of the screw may exceed the 
power 30 times 8 ;= 240 times. This elegant machine has 
obviously far less friction than the ordinary screw ; and it is, 
perhaps, the most compact method ever invented for effecting 
a great change of velocity, and a consequent concentration or 
diffusion of power, according as the screw is made to turn the 
wheel, as in a barrel-organ, or the wheel the screw, as in a 
roasting-jack. It would require a train of 3 or 4 pairs of 
wheels and pinions to produce the change here effected by 
one wheel of the same size ; for, as a pinion cannot have less 
than 6 or 8 teeth, it will turn a wheel 6 or 8 times faster than 
the same wheel would be turned by this screw, which may be 
regarded as a pinion of only one tooth ; and, conversely, the 
wheel will turn the screw 6 or 8 times, while it would be 
turning a pinion once. But these advantages are greatly 
counterbalanced, by the fact that the action between the wheel 
and the screw is necessarily a rtthhing^ and not a rolling 
action, as that between the wheel and pinion should be (page 
58), and thus it leads to far more rapid wear. 
The most important applications of Statics to the equili- 
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brium oi fixed structures are treated of in '' Eudiments of 
Civil Engineering." 

90. In concluding tbis notice of the mechanical powers or 
elements, we may obserye that none of them can be regarded 
as artificial inventions; they are all copied from Nature's 
mechanism. The lever^ as we have seen, is the general 
machine employed in animal movements. The wheely also, 
is found in some of the lower infusorial animals. The eord^ 
BJid-pulley principle is employed in our tendons, some of 
which have their direction changed by passing oyer fixed 
pulleys of cartilage, like the ring in Fig. 36* Inclined planes 
and wedges constitute the cutting-teeth, tusks, horns, and 
other offensive weapons of animals. Some of the smallest 
animals are furnished with screws^ or ^mlets, by which they 
pierce the hardest woods, and even stone; and the screw 
appears to be employed throughout nature, from the huge 
weapon of the narwhal, down to the minutest microscopic 
vessels of plants, not as a mechanical power, but as a con*- 
structive form, uniting strength with lightness and beauty.t 
Nor does it seem absent from the inorganic world ; for, 
among the mysterious relations of light, electricity, and mag- 
netism, are found some which point to screw-like properties, 
or actions, in the elementary molecules of matter. Magnets, 
and electric currents, exhibit mutual actions comparable to 
nothing else but those of the screw and its nut ; and light is 
subject, by the action of certain crystals, and (as Faraday 
has lately discovered, by this fflime force of magnetism also), 
to a kind of polarization, called circular^ which possesses 
screw-like properties. 

* One of the muscles by whicli the eyeball is moved is called the 
trochlearis, from the trochlea or pulley through which the tendon passes. 

t Nature presents us with two species of screws, possessing opposite 
loDgitadinal motions, when their rotations are alike ; or opposite rota- 
tions, when their longitudinal motions are alike. ConTenience dictates, 
however, that all artificial screws should be of the same kind, and this 
kind is called right-handed. An example of the contrary, or left-handed 
screw, occurs in the tendrils of the hop. 
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I. ON DYNAMICAL, OB UNBALANCED FORCES — INSTANTANEOUS 
FORCES OB IMPACTS. 

91. "When the forces or pressures which have been con- 
sidered in the science of Statics cease to be balanced, the 
body on which they act is set in motion; in which case, 
other principles become involved in addition to those consi- 
dered in statics, and the investigation of these constitutes 
the somewhat more complex science of Dynamics.* 

Statics is a deductive science, all the foots which it con- 
siders beiug deducible, like those of arithmetic or geometry, 
from abstract truths. The only difference between these 
sciences consists in the number of these abstract truths or 
ideas which are taken into consideration. In arithmetic, the 
simplest of them, we admit only the idea of number ;f in 
geometry we add to this the ideas of space and direction ; 
and in statics we have to add yet another fundamental idea, 
that of force or pressure. In dynamics we have further to 
introduce the ideas (inseparably dependent on each other) of 
time and motion ; but in doiig so we have also to depart 
from the province of pure deduction, and to admit truths 
which are not perceived by the mind to* be necessary, but 

* This word being derired from dvvafnc, force or power, would pro- 
perly include all the mechanical sciences, but custom has restricted it to 
that of motion, and placed It in opposition to Statics, which equally re- 
lates to forces. 

t In fractional arithmetic, indeed, and still further in algebra, or uni- 
versal arithmetic, by a gradual extension of this idea, it is converted into 
the more comprehensive one of magnitude or quantity. 
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which depaid on what are called laws of nature^ and can 
only be proved by an appeal to those bwi, i. «., by eapert- 
menu Thus, dynamics stands at the head of the physical, 
experimental, or inducttw sciences, and is, as far as regards 
its inductive part» the simplest of them all. Indeed, the 
facts of this science, which had to be established inductively, 
were so few and simple, that they were all completely esta* 
blished more than two centuries ago, thus leaving the science 
to be pursued entirely by the method of deduction ; while in 
no other inductive science can it be said that the induction is 
yet complete, or even likely soon to approach completion.* 

92. Of the abstract ideas above mentioned, such as number^ 
9pacey timey preasurey footion, it is neither necessary nor 
possible to give satis&ctory definitions. We shall not, there- 
fore, introduce the reader into Dynamics by attempting to 
define motiony any more than on introducing him into Statics 
we attempted to define force. 

As the degree or intensity of motion may vary to any 
extent, this intensity, which is called velocity, may be treated 
like any other magnitude ; that is to say, velocities may be 
compared with each other like pressures (4), so that their 
ratios may be represented by those of lines, areas, numbers, 
or any other class of magnitudes. But we must here observe, 
that in representing velocities by numbers, we have no 
standard or unit which has been agreed upon, and distin- 
guished by a particular name, as the pound, ounce, &c, for 
comparing pressures, or the foot, inch, &c., for comparing 
lengths. Now this seemingly trivial £act leads to more cir- 
cumlocution, and to the mathematical reader to more unneces- 
sary difficulty in the outset of this subject, than might at first 
be supposed. For instance^ as we cannot form the concep- 
tion of a motion without associating with it some time during 
which it lasts: the velocity may be constant or uniform 

* Astronomy, or rather that portion of it which may seem an exception 
to this statement, can only be regarded as a branch of Dynamics. 
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thronglioat tbat time ; or it may be continually ctccderated oif 
retarded^ in which cases the Telocity at any one moment will 
be different from that which occurs in the preceding or suc- 
ceeding moment. Now, as there is no fixed unit of velocity, 
we must use two numbers to express a velocity, for we can 
only represent it in numbers by using the units of two other 
kinds of magnitude, time and length. Thus, we speak of a 
velocity of 12 miles an hour, or of a mile in 5 minutes ; mean- 
ing, in the first case, that if the motion continued uniform for 
1 hour, the space described would be 12 miles ; or, in the 
second, that if the motion continued uniform through 1 mile, 
the time elapsed would be 5 minutes. But this evidently 
applies only to uniform motions ; so that, in expressing the 
velocity of a variable motion at any given instant, though in 
reality we have nothing to do with any other instant, in which 
the velocity is different, yet we are obliged^ to assume that it 
continues uniform through a certain time or space, and then 
state what the corresponding space or time would be upon 
this assumption. 

The method of ascertaining the velocity of a motion at one 
given instant, when it is constantly increasing or diminishing, 
is a subject into which we cannot now enter. We hope pre- 
sently to be able to make the reader understand the simplest 
case of this problem ; but we may observe that its general 
treatment in more complex cases is at once so difiScult and so 
important, as to have been beyond the reach of all the mathe- 
matics of the ancients, and to have been the immediate object 
of the invention of fluxions by Newton, and of the difiTeren- 
tial calculus by Leibnitz — ^the two greatest achievements ever 
made in abstract reasoning, and also the most useful ; for the 
whole subsequent progress of exact science has depended on 
them. 

93. In statics, force was regarded sunply as that which is 
necessary to oppose or balance force. We are now to regard 
it, not as it is sometimes defined, the eatue of motion^ but as 
the eatue of change of motion. It is to the false idea of 
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force conveyed in the former definition that we may trace tbe 
origin of nearly all the errors in mechanical reasoning com- 
mitted before the establishment of the true principles of 
dynamics, and still fallen into when these principles are 
neglected. The reader must regard it as fully established, 
that force^ in the sense in which we have already used it in 
statics, is not required for the maintenance of motion, but only 
for its change — t. «., for effecting, 1st, a change of Btate from 
rest to motion, or from motion to rest;'*^ 2nd, a change in the 
velocitt^ of motion, either by accelerating or retarding it ; or, 
8rd, a change in its direction^ by deflecting it upwards, down- 
wards, to the right, or to the left. The inertia of matter is 
only another mode of impressing this idea. And since matter 
is inert, that is, has no tendency either to rest or motion,f a 
body impressed with a motion must persist in that motion, in 
a straight line and with uniform velocity, for ever, unless some 
new force act upon it^ either to change its state, its direction, 
or its velocity ; for it cannot of itself change either its state of 
rest or its state of motion, its velocity or its direction. This 
cannot, indeed (like the facts of statics), be discovered by d 
priori reasoning, but is inferred from experiments and obser- 
vations on all the motions producible by us, or presented to 
onr notice either in the heavens or on the earth, and is known 
to be true, because any other law which can be substituted for 
it will be incompatible with some or all of those motions. 

94. We are therefore to regard as being in equilibrium, not 
only such bodies as are at rest, but also such as are perform- 
ing uniform rectilinear motion; for it is only while their 
velocity or direction is changing (». «., while they are being 
accelerated, retarded, or moving in a curve) that the forces 
acting on them can be unbalanced, or can produce a resultant 

* This effect) however, never comes under onr obsenrationy because 
we know of no body in the universe in a state of absolute rest. All the 
observable effects of force, therefore, are included in the expression change 
qf motion* 

t See " Introduction to Natural Philosophy." 
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presaure ; and aa long bb this pressure remains unbalanced, 
the motion will continue changing in yelocitj, or direction, or 
both ; wheneyer it becomes straight and uniform, the resultant 
of all the forces acting on the body = 0, or it is not subject 
to any unbalanced force. Thus, when a train or a steam- 
boat has been started, its velocity continues for a certain 
time to increase, because the forces that urge it forward 
exceed the friction in one case, or the resistance of the water 
against the bows of the boat in the other; but these opposing 
forces are dependent on the velocity, and increase because it 
increases, so that they presently become equal to the forward 
force imparted by the engines, and then the motion becomes 
uniform, and the body, although moving at its full speed, is as 
completely in equilibrium as when it was at rest Thus, the 
motive power is required, not to maintain the motion^ but to 
maintain eguilbrium -with the opposing friction or resistance. 
The motion is maintained because the body has been set in 
motion, and, being inert, has no tendency of itself to alter 
that state; and also because any alteration of velocity (whether 
an increase or diminution) would, by increasing or diminish- 
ing the resistance, while the steam-power remains unaltered, 
leave a portion of the former or of the latter unbalanced, and 
this unbalanced force actbg against or with the direction of 
the motion, would retard or accelerate it till the former velo- 
city was re-established. Thus the equilibrium is stable, or 
tends, when disturbed, to restore itself. 

Similar to this is the case of a parachute or of a drop of 
rain, which being subject to the constant force of gravity, falls 
with constantly increasing velocity, till the resistance of the 
air against its fall becomes equal to its weight, which is 
thenceforth expended in baJancing that resistance, so that its 
velocity continues uniform. But in falling bodies generally, 
this equilibrium is never attained, so that their velocity con- 
tinues to be accelerated throughout their fall. 

95. The dynamical effect of force, then, being a change in 
motion, it will readily be seen that a continued force or 
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pre9surej sncli as we have hitherto been ohieflj considering, 
most produce a contiunoos change, whether in relocitj or 
direction (which must in this case be curyed). The simpler 
effect of a sudden change of yelodty, or an angular deflec- 
tion, can only be producea by an impaety or instantaneous 
exertion of force, such as was mentioned when speaking of 
the wedge (83) ; and to this kind of force we will, therefore, 
for the present confine ourselves. 

96, The greater part of the forces which impart motion to 

a body act directly upon only a few of its molecules : thus, 

when a billiard ball is struck with the cue^ we touch only a 

small portion of its surface ; when a bullet is projected bom 

a gun, the gases suddenly evolved from the powder act upon 

only one hemisphere of the bullet. As all the parts of a 

body are set in motion by an impulse communicated to a few 

only of its molecules, it is dear that there must be a diffusion 

of motion from the parts struck or acted on over all the other 

parts of the body before it can begin to move. When this 

is not the case, the part struck is compressed, flattened, or it 

is chipped off, and performs its journey alone, leaving the 

mass behind; but when the force has time to be propagated 

through all the particles, the body is then impressed with a 

motion common to all its particles. This diffusion of motion 

from particle to particle requires time; the time may be 

exceedingly short, but not infinitely so ; it depends upon the 

extent of matter to be moved, and also upon its nature, such 

as whether it be metal, stone, clay, wood, water, air, &c.* 

When a force has acted upon a body, and the motion has 
diffused itself over all the molecules, so as to impress them 
with a common velocity, the force has done its work ; it has 
produced its effect, and may be said to have passed from the 
moving power, or source of motion, into the thing moved. 
Thus a stone projected by the hand, by a cross-bow, by a 
sudden blow, or by an explosion, describes a certain path in 
space in obedience to the force which has acted upon it once 
* See " Rudimentary Pneumatics" — Sound. 
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for all, and then ceased, leaving the force thus impressed to 
do its work. Now, if the stone in its progress met with no 
other form of matter, neither with air, nor with water, nor 
any other fluid, neither with any solid hody at rest or in 
motion — ^if, in short, no other force acted upon it, it would 
continue to move with the same velocity and in the same 
direction for ever. 

97. The moving body, then, retains the impression of the 
force to which it has been subjected, and we may naturally 
conclude that the same force would not produce the same 
effects on different bodies. The charge of powder capable of 
projecting a small shot, for example, may scarcely produce the 
slightest motion in a cannon-ball. It may be said that the 
reason for this is, that the ball is so much heavier than the 
shot ; but if this were the true reason, it would follow that 
if bodies of all kinds were deprived of weight, or had their 
weight neutralized by being suspended or balanced, they 
might all be set moving with equal velocity by the same 
impact. This would certainly not be true, for it is an estab- 
lished principle in mechanics, that when the same force acts 
upon different bodies free to move, their velocities are in the 
inverse ratio of their masses, or of the quantity of matter of 
which they are composed. Thus the same charge of gun- 
powder which would project leaden balls whose volumes or 
masses were as 1, 2, 3, 4, &c., would impart velocities to 
them as the numbers 1, |, ^, ^, &c., so that the ball whose 
mass is 10 would acquire from the same force a velocity of 
•j^th ; the mass equal to 100 would have a velocity 100 times 
less than that of a mass equal to 1, and so on ;* hence it will 
be seen that the mass multiplied into the velocity gives in 
each case the same number : in the first case, 1x1 = 1; 
in the second, 2x^ = 1, and so on. This product of the 
mass of a moving body by its velocity, is caUed the momen- 
tum^ or m,oving force^ or qtumtity of motion. In speaking of 

' * Wben there is no friction, the smallest impact is sufficient to impart 
motion to the largest mass ; but only, of course, a yery slow motion. 
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muHiplyiiig a velocity by a weight, we of course mean only 
that the units of weight (ounces or pounds, for example) 
are to be multiplied by the units of Telocity (feet per second, 
or miles per hour, for example); and it matters not what 
units of each kind are employed, for the product thus ob- 
tained means nothing by itself, but only by comparison with 
other products similarly obtained by the use of the same 
units; and the result of this comparison will be the same, 
whatever units are employed. The momenta, or quantities 
of motion, in any number of bodies, found in this way, will 
bear the same ratios to each other, whether all their weights 
be measured in ounces or in tons ; their velocities in inches 
or in miles, and by the second or by the hour, provided, 
always, that they are all measured in the iame manner. It 
appears, then, that the same impact always gives the same 
quantity of motion, whatever may be the body which it 
impels; so that the true measure and characteristic of au 
instantaneous force or impact, is the quantity of motion it is 
capable of imparting. Thus, we may describe an impact by 
saying that it is equal to 50 lbs. moved 1 foot per second, 
or 1 lb. moved 50 feet per second, or 2 lbs. moving 25 feet 
per second, &c. &c., all meaning the same thing. 

98. In ordinary language, the force of any moving body 
means its momentum, or the impact required to stop it, or to 
impart the same quantity of motion to a body previously at 
rest.* Hence, we see: — 1. That when equal masses are 
in motion, their forces are proportional to their velocities. 
2. That when the velocities are equal, the forces are pro- 
portional to the masses, or quantities of matter. 3. That 
when neither the masses nor velocities are equal, the forces 
are in the proportion of both taken jointly, that is, the pro- 
portion of their products. 

* But the useful effect is in most cases proportional not to the momeri' 
tumt but to the via viva, for which see ** Rudiments of CItU Engineering/' 
Part I. p. 24. 
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99. These theorems may be illnstrated by the apparatus 
shown in Fig. 55. Two bails of clay, A, B, or of some other 
comparatirely inelastic substance,* are suspended by strings, 
Fig. 55« so as to bang 

in contact at 
the middle of 
a graduated 
arc. The arc 
should be cy- 
doidaland di- 
vided, not in- 
to equal partfi^ 
but as shown 
in the figure; 
viz,^ so that 

the numbers 1, 2, 3, &c., may be proportional to the perpen- 
dicular heights above the level of the point o. Now it will 
be proved presently, in treating of gravity, — 1. That when a 
ball thus suspended is let £aJl from any point of the arc, its 
velocity will be the same whatever may be its mass. 2. That 
this velocity will continually increase till it reaches the point o. 

3. That on arriving there, its velocity will be proportional to 
the square root of the vertical height which it has descended. 

4. That if it start from o with this same velocity, it will 
ascend to the same height from which it must have Allien to . 
have acquired that velocity, and no higher ; because its velo- 
city is, by the action of gravity, constantly diminished, till 
at ibis precise height it is destroyed. The velocities of the 
balls, therefore, at the moment of their arrival at, or depar- 
ture from, the point o, may be exactly measured by noting 
the divisions on the scale from which they have descended, 
or to which they ascend, provided the 4th division be reck- 
oned 2, the 9th division, 3, &o. Now, suppose these balls to 
be equal in mass, and to be moved in opposite directions, 

* Wax softened by the addition of one-foarth its weight of oil answers 
very well. 
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A towards d, and b towards e, and then allowed to fall at the 
same moment : if the balls feJl through equal arcs, thej will 
of course impinge upon each other with equal velocities, and 
each will destroy the force of the other, and remain at 
rest;'*' for equal maetee haying eqtiol velocities must have 
eqtial /arees, 

"Let OS next suppose that the ball A is double the weight or 
mass of B ; and let a be raised towards d as far as to the 
first division; and let B be raised towards B as far as the 
fourtli dirision. When allowed to descend, at such an in- 
terval of time as to bring them both at once to the point o,f 
their velocities will be as ./ 1 : ^4, or as 1 : 2 ; but as 
their masses are as 2 to 1, their forces will be as 2 x 1 to 
1 X 2, or equaL Accordingly, after impact these two bodies 
will remain at rest, because the equal and opposite forces have 
destroyed each other. So also, if any balls have their masses 
inversely as their velocities, their fbrces will be equal, and 
they will consequently remain at rest after impact 

Again, suppose a and b to be unequal in mass, but equal 
in velocity ; that a is twice the size of b, and that each is 
allowed to descend from the same height, at d and e; if 
the velocity of each be called 6, the quantity of motion in 
A may be expressed by 2 x 6 = 12, while that in b will be 
only 1x6 = 6. After impact the six parts of motion in 
b will destroy 6 parts of the 12 in a, leaving only six parts 
in both bodies. Now the combined mass of both being = 3, 

6 
and their momentum = 6, their velocity must be ^==2; 

so that both will move on together with a velocity of 2, that 

* If the experiment be carefoUy performed with balls of day, and the 
arcs be of considerable extent, so as to give a great velocity, the balls on 
hnpmging will penetrate each other, and form one ball. If the baUs be 
of lead, tbey will, nnder the s&me drcnmstanoes, flatten each other, and 
then remain at rest. 

t The exact adjustment of this interval renders the experiment difficult, 
nnless the balls be made to follow a cycloidal arc, by confining the strings 
with cycloidal cheeks, in the manner described farther on. 
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is, J of their Telocity before impact ; and this will cany them 
to ^ the height from which they descended. Similar results 
will be obtained when ihe balls are equal in mass, but have 
been raised to different divisions. 

100. This experiment may be pleasingly varied by using 
balls of ivory, or some other elastic material ; in which case, 
the quantities of motion which oppose each other are not 
destroyed (as with inelastic bodies), but reversed; or at least ' 
would be so if the elasticity of the bodies were perfect ; but 
with aU. natural bodies a portion is destroyed and the rest 
reversed. The following effects, however, though never 
exhibited in perfection, may be very nearly imitated by the 
use of ivory balls. If the balls be equal, on removing a from 
the vertical up to any division, say s/4t, on the arc, and 
allowing it to descend and impinge on b, which is at rest, b 
receives the whole of a's motion, leaving a at rest, and starts 
off with the force of a, ascending the same number of de- 
grees on the opposite scale that a had descended. Balls of 
clay or wax thus treated would have moved on both together 
to the division 1, because the same momentum being shared 
by twice as much matter, must impart to it half as much 
velocity. If the ball a has a different mass from B, greater 
or less, instead of being left quiescent after impact, it moves 
in the same direction with B if its mass be greater, or it 
rebounds in an opposite direction if it be less.* 

* But in no case will the balls remain together. The quantities of 
motion gained by one and lost by the other being equal, while their 
masses are unequal, the velocities gained and lost will be inversely as 
their masses. When the velocity lost by the striking ball exceeds its 
whole velocity before the blow, this excess expresses its velocity in the 
opposite direction ; for motion lost, or motion gained in the opposite 
direction, are the same thing. If a body moving northward at 10 miles 
an hour, have its velocity reduced to 3 miles an hour, it matters not 
whether we say it has lost 7 units of velocity northward, or gained 7 
southward ; and if its motion had been reversed, and become 3 miles an 
hour, we may either say that it has lost 13 units of northward velocity, or 
gained 13 of southward. 
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101. "When a number of ivory balls of the same size are 
suspended, as in Fig. 56, and the first is remoyed from the 
vertical, and allowed to impinge upon j..^ gg 

the others, the last onlj, No. 7, is 
moved, and this starts off with the 
quantity of motion which No. 1 had 
the moment it struck No. 2. If the 
balls No. 1 and No. 2 be both raised 
from the vertical, and allowed to fall 
together, the last two, Nos. 6 and 7, 
will be raised. 

102. In the foregoing cases we have considered the effects 
resulting from the impact of bodies advancing from opposite 
directions. Of course, bodies moving in the same direction 
may impinge if their velocities be different. Thus, if a 
non-elastic body be overtaken by another, the two bodies 
after impact will move with a common velocity. If they be 
equal in mass, half the sum of their velocities will be their 
common velocity after impact. Since the bodies move in the 
same direction, there can be no increase or diminution of 
motion by impact, but only a re-distribution. If before 
impact A move with the velocity of 5, and b with that of 3, 
the common velocity of the two bodies, after impact, will be 
4, the half of the sum of 5 + 3. 

Now suppose A and b to be unequal in mass, as well as in 
velocity. If the mass of a be 9 and its velodty 12, its 
quantity of motion will be 108. If the mass of b be 7, and 
its velocity 9, its quantity of motion will be 63. The sum 
of the two motions will therefore be 108 + 63 = 171 ; and 
this of course will be the whole motion of the united masses 
after impact. Dividing this, therefore, by the united masses 
(9 4- 7 = 16), we find 171 -r- 16 = lO^J, the common velo- 
city of the united masses. In general, therefore, when two 
masses moving in the same direction impinge one upon the 
other, and after impact move together, their common velocity 
may be determined by multiplying the numbers expressing 

Meeh4mie$. p 
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tbe masses bj the nnmbers whieh express the yeloeities; the 

sum of the two products thus obtained, divided bj the «iim 

of the numbers expressing the masses, will give a quodent 

eTfpawiwg the Mfwred velocity. 

103. When « aMving body comes in contaet with a bod j 

at rest, it can onlj continue its motion by fmshing this body 

before it, and oonsefuently communicating to it such a qiian- 

tity of motion thaA after impact they nH>ve with a common 

velocity. If ih» m$aa of the moving body be equal to that 

of the body «t re0(^ It is evident that after impact the motion 

wiH be equally divided between the two masses, «nd the 

velocity will now be only one-haM*, nnce the mass has been 

doubled. It will be only the third of the velocity, if the 

mass at rest is double that of the moving body; aitd in 

general, when a moving body ooramunicates motion to a body 

at rest, the united velooity of the two bodies is to that <ii the 

moving body as the mass of the latter is to the sum of tbe 

masses of both. For example, if a musket-ball weigh ^th 

of a pound, and its velocity on being fired be 1300 feet pw 

second, if it strike a cannon*ball of 48 pounds, sui^nded as 

in Fig. 55, it will set it in motion ; and the oommon velocity 

of the two is to that of ^e bullet as ^ is to 48 + -^y or 

as 1 is to 961 ; the common velocity of the two is, therefore, 

1300 

-TTT-, or about 1 J feet per second. 

When a musket-ball strikes against a large stone, or is fired 
at a mountain, it communicates both to the stone and to the 
mountain a certain velocity, small indeed, and not measure- 
able unless we could know ike mass of the mountain in addi- 
tion to other particulars. The mass of a large stone, however, 
is easily found ; suppose it to weigh 500 lbs., or that its mass 
equals 500, its velodty after Impact with the musket-ball 
moving at die rate of 1300 feet per second, and weighing 
jf^ik of a pound, will be to 1300 leet as ^ is to 500 + ^) 
or as 1 is to 10001 ; so that the common velocity of the 
musket-ball and the stone alter impact wiQ be about 
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1 1 inch per second, a motion nrhich is speedilj destroyed by 
resistance aod friction: or ratiier, this motion is speedily 
absorbed by suiroonding bodies^ and even by the mass ef the 
earth. Hence it may be said that motion commnnicates its^f 
amoQg material bodies, and is never lost; when it appears to 
be so, it in fact only passes from the moving body into other 
bodies which are at rest, or are endued with a less v«lod<^, 
and at length rt becomes insensiUe in oonseqUetiee of its 
enormous diffnuon. In fact, as we have seen, motiow can 
only be destroyed by motion; reastances and friction dispose 
it, bat do not destroy it. 

104. The velocity of projectiles is measured on the princi- 
ples of impact, by a large mass of wood, or of metal, sus- 
pended with as little {riction as possible, by a bar of iron, and 
eaQed a biUli9tic pendulum (Fig. 57). The cannon-ball whose 
velocity Is to be detormuied is fired against the solid block 
of this pendulum, and the p^^ ^y 

height to which it is made 
to oscillate hj the Uow is 
shown by an index on a 
wooden arc, and determines 
the velocity with which the 
mass first began to move, 
when its quantity of motion 
was equal to that with which 
the ball struck it. In the 
next section it will be shown 
how this is determined, but we may here observe that the 
velocity at starting is proportional to the square root of the 
vertical height ascended (99), whatever may be the curve ; 
when that curve is circular, as in this instance, the velo- 
cities are as the chords of the arcs described; so that if 
the arc be so graduated that the numbers are proportional 
to their distances in a straight line from 0, they will correctly 
express the relative velocities at starting from 0. 

Persons who are fond of the marvellous sometimes relate 
f2 
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facts respecting the effects of musket-shots and cannon-balls 
which are not generallj believed, although they are simple 
consequences of the principles we are now considering. Thus, 
a musket-ball will pass through a window-pane without 
cracking the glass, leaving only a clear round hole. If the 
musket-ball were thrown by hand, the whole pane would be 
shattered ; but with the usual velocity of a musket-ball, that 
portion of the glass actually struck alone yields to the blow, 
and the ball has done its work before the surrounding parts 
have time to share the motion.* If the window-pane were 
suspended by a silken thread, the shot would only carry away 
so much of the glass as would allow it space to pass through, 
without even breaking the thread, or causing it to oscillate. 
A sheet of paper placed on edge may be perforated by a 
pistol-ball without being knocked down; and a door half- 
open may be pierced by a cannon-ball without being shut. 
M. Pouillet mentions a case where a cannon-ball carried off 
the extremity of a musket while it was in the soldier's hands 
without his feeling the stroke, just as the head of a thistle 
may be struck off by the rapid motion of a stick, without 
perceptibly bending the stalk. Nay, if the missile be soft, 
as tallow, it will act with the force of lead, if sufficient velo- 
city be imparted to it. Thus, in the well-known trick of 

* The piercing effects of such bodies are not proportional to their 
moffing effects or momenta. For suppose two unequal balls (as a 6 and 
a 12-pounder) to have velocities inversely as their masses ; their momenta 
will be equal (97)y so that both will have the same power to move or orer- 
turn an obstacle, but they will not penetrate a soft body to the same 
depth, that is, overcome a uniform resistance through the same space, for 
both will overcome the same resistance for the eame length qf time, and 
during this time the swifter ball will have penetrated twice as fiur as the 
other. To have equal piercing effects, therefore, their masses must be 
inversely as the squares of their velocities, so that their momenta multi- 
plied into their velocities may be equal. This mode of estimating the 
effect by the product of the momentum and velocity, or the product of 
the mass -multiplied twice by the velocity, is called the principle of vi» 
viva» (See page 93, note.) 



RBCOIL OF OUNS. 1 01 

firing a piece of tallow candle through a board, the parts of 
the tallow cannot yield ontil after a certain time; during 
that time the tallow behaves like a hard solid, and before its 
particles have had time to yield, the tallow has already passed 
throngh the board. So, also, in firing a cannon-ball oyer the 
anrface of a smooth sea, time is not allowed for the water to 
yield much, and consequently it behayes like a solid, and re- 
flects the ball. In this way, it is said, that musket-balls haye 
even been flattened. 

105. In our Introduction to the Study of Natural Phi- 
losophy, some illustrations were giyen of what are called the 
laws of motion. It was there explained that every action is 
accompanied by a corresponding re-action, equal and contrary. 
In the discharge of a cannon, the elasticity of the gases 
suddenly liberated by the ignited gunpowder, acts equally in 
all directions: it acts on the sides with equal and opposite 
forces, which neutralize each other unless the cannon burst 
by yielding to one of them ; the elasticity of the gases also 
acts towards the muzzle and the breach, and these two equal 
and opposite forces would also neutralize each other if the 
mouth of the cannon '^re effectually secured ; but such not 
being the case, the ball and the wadding yield : the expansive 
forces of the gas towards the muzzle and the breach being 
equal, produce an equal effect, the one upon the ball, and the 
other upon the cannon; the one moves forwards, and the 
other backwards. This latter motion is called the recoil of 
the gun ; and the reason why the recoil produces so much 
less velocity than the shot receives from the opposite force, 
is the greater mass of the cannon and its appendages, as 
compared with the ball. When a sportsman fires a gun, the 
recoil on his shoulder is equal to that which would be pro- 
duced by a shot entering the barrel and striking against its 
solid extremity, with the velocity with which the bullet leaves 
the same gun. Another proof of the comparative slowness 
with which motion is propagated through any considerable 
mass, is, that the recoil does not begin to be felt until the 
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bullet has actuallj left the mouth ef the cannon. The expe- 
riment in probf of this was per fonned; fi>r the first time, at 
Bochelle, in 16$7, hy order of the Cardinal de Richelfen. 
A camton was sas^ended horixontaUy, f^om the end of a rery 
long vertical shaffc, or lever, moveable freely abont an axis at 
its other extremitj. The ball fifed from it under these cir- 
enmstances struck the object towards which it was directed 
in precisely the same manner as it did when the cannon was 
fixed ; showing that there could have bee» no sensible alter- 
ation of its position until the ba^i was discharged from it, 
otherwise it could not have hit the same point, but a point 
somewhat lower,, depending upon the amount of recoil. 

106. The resistance whidi a moving body meets with in 
the air» or in the water, is only an efil^ct of the transference 
of motion. A body moving in water most oonstantly displace 
a portion of the fiuid equal to its own bulk, and the amount 
of motion thus commanicated to the water is so much lost 
by the moving body. It is generally admitted in sudi cases, 
for air aa well as water, that the resistance is in proportion 
to the square of the velocity of the moving body. When 
the velocity is doubled, the loss of aiotion by resistance is 
quadrupled, because not only is there twice as much fluid to 
be moved in an equal time, but it has to be moved with twice 
the velocity. So, also, when the velocity k trebled, the 
moving body meets three times the number of partides, to 
which it oommunicates three times the velocity, thereby 
occasioning nine times the loss. The resistance to a body 
moving in water is, therefore, about 800 times greater than if 
it were moving with the same velodty in air, for it has to 
move 800 times as much matt» in the same time. But if 
the motion in air were 28 tinges faMei than lii water, the 
resistance would be about the same, for 28 times the velocity 
generates 28 times 28 times (=s 784 times) the resistance. 
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11. ^EFFECTS OF CONTINITMD FORCES — UNIVORMLT ACCELE- 
RATED MOTION— I>BSCENT ON INCLINED PLANES AND CURTES 
->-^XHE PENDULUM. 

107. One cannot fell to be struck with the different 
degrees of. rapidity with which bodies fall through the air. 
A piece of gold falls rapidljr, and a drj leaf very slowly; and 
the popular reasoa for this difference is, that the gold is heavy 
and the leaf light ; this, however, is not the true reason, for 
if the gold be beaten out into a thin leaf^ neither its absolute 
nor its specific weight is diminished (indeed, the latter is 
increased), but the time of its descent through the air is 
greatly prolonged. The &ct is, that every body falling 
through a fluid is continually subject to two opposite forces, 
1st, its toetght^ which is constantly uniform, and acting alone 
would constantly accelerate the fall, and 2nd, the fluid refUt- 
ancBy which, as we have seen, increases with the velocity, so 
that, however small at first, it must after a certain time (or 
when a certain velocity is acquired) become equal to the 
weight of the body, so as to prevent any further accelisration 
(page 90). Now, the gold presenting a larger surface when 
beaten out than in the lump, far more resistance is opposed 
to the leaf than to a thick piece of equal weight, moving with 
equal velocity. Supposing both to begin to fall at the 
same instant^ when the leaf has attained its maximum and 
uniform speed, the lump will still continue to be accelerated, 
for the lump requires a greater speed to generate the same 
resistance. 

108. As the attraction of the earth acts on all bodies in 
proportion to their quantities of matter,* it is of no conse- 
quence, as far as this attraction is concerned, whether a body 
be in a mass or broken up into small pieces, for each piece 
will be as strongly attracted as when it was united in one 
solid mass with the other pieces. The attraction must also be 
the same on one of these pieces, whether it be in a lump or 

* For proof of this see " Natural Philosophy," [40]. 
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beaten out into a thin sheet, since the number of particles 
remains the same. The difference obseryable in the time of 
the fall of these bodies through the air is due to the resist- 
ance of that medium ; whence we may fedrl j conclude that, if 
the air were altogether absent, and no other resisting medium 
occupied its place, all bodies, of whatever size and of whatever 
weight, must descend with the same speed. Under such cir- 
cumstances, a balloon and the smoke of a fire would descend 
instead of ascending as they now do by the pressure of air, 
which, bulk for bulk, is heavier than themselves. 

The conclusion that in the absence of a resistbg medium all 
bodies would fall with the same speed, is established by a 
beautiful experiment with the air-pump, in which a piece of 
metal and a feather are let £el11 at the same instant from the 
top of a tall exhausted receiver, when it is found that these 
two bodies, so dissimilar in weight, strike the table of the air- 
pump on which the receiver rests at the same instant.* 

In vacuo neither the size, weight, density, nor figure of a 
body, makes any difference in the velocity of its fall ; and all 
the differences observed in air, are easily explained by its 
resistance. For instance, a 2-inch shot falls faster than a 
1-inch shot, though of the same figure and density. In the 
larger we have 8 times as much matter to be moved, and 
also 8 times as much force to move it, and this would give 
it, in vacuo, the very same velocity (or 8 times the momentum 
of) the small shot. But it has only 4 times the surface, and 
is therefore (in a fluid) opposed by only 4 times the resist- 
ance. Again, a ball of lead and a ball of cork of the same 
weight faU with equal momenta, but the cork being larger, 

* A similar experiment may be made mthout the air-pump, by 
placing a piece of hot-pressed paper (or even the thinnest tissue-paper), 
smoothly on a flat piece of polished metal or glass, rather larger than 
itself, and letting them &11 together. Though the light body is upper- 
most, it will not be left behind, nor will it in the slightest degree retard 
the fall of the heavier body, as it would if connected with it like a 
parachute. 
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encoanters more resistance. Now, let them be of equal size^ 
their weights of course are unequal, but they both encounter 
the same resistance, so that the cork, as before, is the most 
retarded.* 

109. Haying proved that in reality all bodies tend to fall 
with the same velocity, the next point is to determine what 
this conmion velocity is, and the relation existing between 
the space fallen through by a body and the time occupied in 
the CeQI. This relation will be the law of motion impressed 
by gravity upon matter. 

It would appear at first view that such a question might 
be determined experimentally by a contrivance similar to that 
used in the guinea-and-feather experiment (108), only using 
a veiy long vertical tube instead of the receiver, and having 
exhausted it, allowing a heavy body to fall from the top at a 
given instant, and then marking the point at which it arrives 
after the lapse of one second, two seconds, three seconds, and 

* This equality of speed in the £a11 of all bodies, when unresisted, 
proyes that their quantities of matter or inertia are exactly proportional 
to their weights ; it proves, for instance, that if a cubic inch of stone 
weigh three times as much as a cubic inch of water, it contains three times 
as much matter ; for it falls with the same speed, though urged by a triple 
force, t. e,, it requires a triple pressure to impart to it an equal velocity 
in an equal length of time ; and quantities of matter can be estimated in 
no other way than by comparing the forces required to produce equal dyna- 
mical effects on them. These forces may be either ituiantaneous or con-' 
tinned; and thus we have two ways of ascertaining the comparative 
masses of bodies, Ist, by comparing the impacts required to impart equal 
velocity to them, or, 2nd, by comparing the preuuret required to impart 
equal velocities in equal lengths of time. This latter condition is neces- 
sary, because, as we have seen (95) that every continued force orprenure 
must produce a continually increasing velocity, and as any impact 
however small, may move any mass, however great (103), so also any 
pressure, however small, may impart to any mass any amount of velocity 
by acting long enough. A pressure of a single pound might move the 
largest planet with any number of times its present velocity, and it would 
be easy to calculate how long it must continue acting to produce this 
effect. 

F 3 
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80 on. Bat tbe difficulty in snch a mode of observation is, 
tliat although a body at the commencement of Its £all may 
moYO with teleraUe slowness, so that the eye can follow 
it, yet the motion increases so rapidly, that it soon becomes 
quite impossible to do so. Accordhigly, philosophers- have 
resorted to various contrivances for so modifying- the motion 
of the fiilling body as to make it appreciable by the senses 
throughout its whole course.. 

110. The first philosopher who succeeded in detecting the 
law of falling bodies was Galileo. When the study of astro- 
nomy was no longer for him a safe pursuit, his acute and 
powerful mind recurred to his earlier mechanical studies, and 
during his residence at Sienna, after being persecuted by the* 
Inquisition, he published, or at least collected, materials foT 
his "Dialogues on Motion.*' In this work the following 
method is given of making experiments on the descent of 
bodies on inclined planes.* *^ In a rule, or rather plank of 
wood, about 1 2 yards long, half a yard broad one way and 
3 inches the other, we made upon the narrow side or edge a 
groove a little more than an inch wide: we cut it yery 
straight, and to make it very smooth and sleek, we glued 
upon it a piece of vellum, polished and smoothed as exactly 
as possible^ and in that we let fall a very hard, round, and 
smooth brass ball, raising one of the ends of the plank a yard 
or two at pleasure above the horizontal plane. "We observed, 
in the manner that I shall tell you presently, the time which 
it spent in running down, and repeated the same observation 
again and again, to assure ourselves of the time, in «vhioh we 

* The invention of thk method appears, from docaments quoted hj 
Venturi and others, to bear date at least as early as 1604. Descartes 
insinuates that Galileo first obtained from him the knowledge of the 
law established in these experiments ; but as Descartes was not bom until 
1596, he must, if his claim be tenable, have been a most astonishing gemus 
at eight years of age. He also insinuates that Galileo obtained from him 
the isochronism of the pendulum, which, iafact, was discovered in 1583, 
thirteen years before Descartes was bom. 
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nerer found any ^fference, no, not 00 ma«h as the tenth part 
of one beat of the polio* Haying m^e and settled this 
expernneBty we kt the samo hall descend through a fonrth 
part only of the lien^b of the groore^ and fonnd the measured 
time to be exactly half the formeT. Condnning oar e:Eperi- 
ments with other portiona of the kmgth, eomparing the fall 
thjKm^ the whole wifth the< fall tkrongh half, two^thirds, 
ihreei-foiiiths^ in short, with the fall ihrongh ajiy part, we 
foimd^ by many htindved exp^iments, that the spaces passed 
era were as* the squares of the times, and that this waa the 
case in all inclinations of the plank ; during which we also 
xemaiked that the tiaies of descent, on different inclinations, 
di>8erTe accncately the proportion assigned to them farth^ 
pn, and demonstrated by our author. As to the estimation 
ci the time, we hung up a great bucket full of water, which, 
by a very small hole pierced in the bottom, squinted out a 
fine thread of water, which we caught in a small glass, 
daring the whole time of the different' descents : th^n weigh- 
ing from time to time in an exact pair of scales, the quantity 
of water caught in this way, the differences and proportions 
of their weights gave the differences and proportions of the 
times ; and this with such exactness, that, as I said before^ 
although the experiments were repeated again and again, they 
nerer differed in any degree worth noticing." 

111. It wiE be observed, that as the law first mentioned 
(that the spaces faRen through from the commencement of 
the fall are proportional to the squares of the times elapsed) 
applied equally whatever might be the inclination of the plane, 
it must apply also when the plane is vertical, or when the 
body &lls freely. The establishment of so important a law 
by such simple and exquisitely ingenious means may serve to 
remind the reader that Galileo is not unworthy of the fame 
which still belongs to his name as a mechanical philosopher, 
as well as a persecuted astronomer. In later times, the law of 
falling bodies has received a more complete exposition by the 
admirable machine invented by Atwood, and which will be 
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described presentlj. Bat first it is aecessazy to enter a little 
more fully into the question, in order that the reader may be 
in a condition fairly to estimate the merits of this machine, 
and the important law it is intended to illustrate. 

112. The fall of a heavy body £rom a height is a uniformly 
accelerated motion, because the attraction of the earth, which 
is the cause of its fall, nerer ceasing to act, the body gains at 
each instant of its fall a new impulse, whereby it receives 
additional velocity, so that its final velocity is the aggregate 
of all the infinitely small but equal increments of velocity 
thus communicated. Hence, the velocity of a falling body 
at the end of two seconds is twice that which it had at the 
end of one ; at the end of three seconds three times that 
which it had at the end of one, and so on. Now, it has been 
ascertained that a body falling freely through space by the 
force of gravity acquires at the end of the first second a 
velocity such as would carry it, without any assistance firom 
gravity, through about 82 feet during the second second. 
This is the Jlnal velocity of the body after one second. 
But during this second, the body passes gradually from a 
state of rest through various increasing degrees of speed, 
until it acquires a velocity equal to 32 feet per second. Its 
average speed, therefore, during the whole of the first second 
will be the arithmetical mean between its starting velocity, 
which is 0, and its final velocity, which is 32 feet per second. 
This mean is 16 feet per second; consequently, the space 
actually fiillen through during this one second must be 16 feet. 
During the second second, the body starting with the velocity 
of 32 feet acquired during the first second, fedls through 32 
feet; and also through another 16 feet, due to the action of 
its weight during this one second only. At the end of the 
second second the final velocity is twice that at the end of 
the first second; so that during the third second the body 
would move through 64 feet, if subject to no force, t. «., if 
its weight had ceased to act ; but as this force continues to 
act, and would during a second move it through 16 feet (if it 
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had no Telocity at starting), the whole space described daring 
this second will be 80 feet, viz., 64 feet by its premotuly 
ctcquired Telocity, and 16 by that gradually added daring this 
third second. 

113. We see, then, that the weight of any body is sach a 
force as will, daring one second, impart to that body a Telocity 
of 32 feet per second, in addition to any motion which it may 
preTioosly have. During any other period it would impart a 
proportionally greater or less Telocity ; daring two seconds, 
for instance, a Telocity of 64 feet per second; or, during 
half a second, a Telocity of 16 feet per second. Hence, it 
appears that the time occupied in falling, and the final 
Telocity, are proportional to each other; and that an in- 
crease in one is necessarily attended by a proportional increase 
in the other. Now, we haTO seen that the average Telocity, 
during any fail, is exactly half the^miZ Telocity, for it is 
the mean between the Telocity at starting, tIz. 0, and that 
final Telocity; hence, any increase in the time of falling, 
is attended by a proportional increase in the average speed 
daring the whole fiEkll. But the space fallen through is 
jointly proportional to the time occupied and the aTerage 
Telocity; consequently, when the time is increased in any 
proportion (say doubled), the body falls, not only twice as 
long, but also twice as fast, and must therefore fall through 
four times the distance. So, also, if one body falls three times 
as long as another, it also falls with three times the aTerage 
speed, and consequently falls, altogether, nine times the dis- 
tance. Thus, the distance fallen must always be proportional 
to, the square of the time occupied ; as obserTed in the expe- 
riments of Galileo. It will thus be seen, that though a body 
fall 16 feet in a second, it will only fedl 4 feet in half a 
second ; for it falls with only half as much aTerage speed, tIz. 
a speed of 8 feet per second, or 4 feet per half-second. But 
it acquires a final Telocity of 16 feet per second, which would 
carry it, in another half-second, through 8 feet, besides the 
4 feet due to its acceleration daring that half-second, making 
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altogether 12 feet, and tkiifl aoooantmg ^or the £sdl of Id feet 
in a second. 

We thus get an easy role for determinmg the space throu^ 
which a body has fallen, simply by knowing the time^ oeco* 
pied by the £ikll,. and multiplying the sqnara of this by the 
number of feet through which a body ^sdlai in one second. 
For example : — 

The height fallen during one second « 1 x 16 »> 16 feet. 

,, t, two seconds » 4 x 16 a 64 feet. 

„< „ three seconds « 9 x 16 ^ 144 feet. 

ff ff four seoonds » 16 x 16 » 256 feet. 

„ „ five seconds -> 25 x 16 » 400 feet. 

And the same rule will Bfiplj to any number of seconds, 
whole or fractional. 

114. To show more clearly how this law ta deriyed from 
the uniformity of the accelerating force, we may take the 
length of any figure to represent the time of the whole fall^ 
which we may divide into any conyenient number of parts ; 
and we may make the breadth of the figure, at each of those, 
divisions, represent the velocity at the corresponding instant 
of the fall. Then the area of the figure, or of any portion 
thereof, will represent the distance fallen through during the- 
corresponding part of the time ; for this distance is jointly 
proportional to the time and the averoffs velocity^ just as the 
area of a figure is jointly proportional to its length and its 
average breadth. Let us draw such a figure, in which the 
breadth at the commencement is 0, and the increase is uni- 
form, t. e, by equal additionjs, for equal additions to the length. 
By observing the relations between the breadths of this figure, 
at different points, and also between the areas of the whole 
and of different portions thereof^ and the areas they would have 
if their breadth continued equal throughout their length, we 
may learn all that has been stated above, by simply substi- 
tuting time for lengthy velocity for breadth^ and distance fallen 
for area. The following is an example .'— 
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A body^ &Uiiig freely daring' 5^ seconds ; 

Starting with a Telocity of • - - - LO ^••*' 

FoUb during the Ut teamd ' ^ ^^= - »* 

Acqiainog a vtlocitjr of ^^3£ ^ 1 1 p*t «wBd. 

7a2Zft'ilMriMflrM«SiM{-MeoMd- . ^H^^= ^ 

AcqpikiDsaTetoeityoftwicesa, or ^l^^^l feet p«r wood. 

JPVsIb Affifi^ IA« 3)^«en>iuf - - ^^J^HM^^^ * ^ 

Acquifing a velocity of 8 x 32 = ^^J^B^Bl ^^ feet pa leeond. 

Falls during, the ith $econd • - HHt^HffiHB^ ^ 113 

Acquiring a velocity of 4 x S2 = ^E^B^^S^^ki ^ -'' Fen per secoad. 

Fallf during the 5tH $ec<md . - ^^^fl^fl^fl^^^ ... 144 

Aoquiaogavdodtyof 6 x 33 = ^S^B^S^^SSh '^ ft.persec. 

FmUa during the haff^eeond. « |B^9^H^B^Dur^ ... 84 
Acquiring a final velocity of 5^- times 32 = 176 feet per second. 

Andftmng » total dittance of 5^ time* 5^ times 16 f6et a .... 484 



115. These laws are not confined to the motion of falling^ 

but apply e<]^aally to every uniformly accelerated motion, 

t. e. every motion produced by a uniform force or pressure. 

Thus, the rising of a cork through water — ^the rolling of a 

ball down an inclined plane— -the ascent of the lighter arm of 

a balance — are motions produced, like that of falling, by the 

constant and uniform force of gravity, and are therefore 

uniformly accelerated ; «. e, if we abstract the effects of fluid 

resistance and friction, the above rules, but not the above 

numbers, will be found applicable. In every such motion, 

the velocities, at any different instants, are proportional to the 

times elapsed since the beginning of the motion ; the average 

velocity is half Ae final velocity; the spaces described 

during successive equal intervals are as the series of odd 

numbers, 1, 3, 5, 7, &c. ; and the whole spaces described from 

the beginning of the motion are as the squares of the times 

taken to describe them. But the numerical data will be 

different m each case of such motion ; that is to say, the 
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velocity acquired in a giyen time, or the time occupied in 
acquiring a given velocity, will vary in ' each case : and the 
rate of acceleration wiU never be so rapid as in the case of 
a body falling freely, because the force will never be so great 
in proportion to the quantity of matter moved. All bodies 
&lling freely are a<!celerated at the same rate, because,^ in 
whatever ratio their masses may differ, their accelerating 
forces preserve exactly the same ratio. If one body gravi- 
tate with 10 times as much force as another, it has also 10 
times as much matter to be moved ; but if we could oppose 
the weight of one lb. to the inertia of t&n lbs., we should 
obtain a motion accelerated 10 times more slowly than that 
of bodies falling freely; t. e, a motion that would require 
10 seconds to acquire a velocity of 32 feet per second, or 
in one second would produce only a velocity of 3^ feet 
per second. Now this is exactly what happens when a 
balance, whose beam and scales weigh 1 lb., is loaded with 
5 lbs. in one scale, and 4 lbs. in the other: there is an 
unbalanced pressure of only 1 lb., but it has to move 10 lbs. 
of matter. 

116. To submit all the laws, which have thus been ex- 
pounded,, to the test of direct experiment, is the object of 
Atwood's machine. It is obvious that the circumstances 
attending a heavy body falling freely through the air cannot be 
observed by any direct method, since a fall during 3 seconds 
only would require a height of 3^ x 16 = 144 feet, a distance 
which could not be foUowed accurately by the eye in so short 
a time. This difficulty is got over in Atwood's machine by 
an ingenious artifice. Two weights are attached to the 
extremities of a fine silken line, which passes over a fixed 
pulley, or very light wheel, so arranged as to produce very 
little friction; and the magnitude of these weights is so 
adjusted that their difference is to their sum in the ratio of 
unity to any convenient number. For example, suppose 
one of the weights to be 31^ pennyweights, and the other 
32^ pennyweights; their difference will be 1, and their 
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sum 64; conseqaently, the accelerating force will be -^^ 
that of a body fEdling freely. Now, as a body Fig- ^9- 
falls 16 feet during the first second, the descent 
of the preponderating weight will be 16 feet, or 
1 92 inches divided by 64 =3 inches in 1 second ; 
12 inches in 2 seconds ; 27 inches in 8 seconds, 
and so on. Hence, by means of a long gradu- 
ated rod and a pendulum beating seconds, it is 
easy to follow the weight with the eye, and to 
notice the descending weight pass oyer the divi- 
sions of the scale; thus furnishing an experi- 
mental proof of the laws already explained. By 
varying the ratio of the two weights, any other 
degree of acceleration may be obtained; these 
variations are, of course, only different illustra- 
tions of the same laws. 

117. By means of this apparatus we may also 
ascertain the degree of velocity acquired at the end of any 
given time. To do this, the two weights are first taken equal, 
as, for example, 31 } pennyweights each, when of course equi- 
librium is produced. In order to produce motion, a small bar 
about 2 inches long, and weighing 1 pennyweight, is placed 
upon the weight which is to descend. A brass ring, about 1^ 
inch in diameter, being previously fixed at any proposed 
division (as, for example, at 12 inches) in the path of the 
descending weight; then, as this weight passes through the 
ring, the bar is left behind, and the accelerating force being 
thus removed, the velocity will afterwards be uniform (abstract- 
ing the effect of friction). In this case we suppose that the 
body, at the end of two seconds, has descended through 12 
inches, and that its final velocity, at the end of that time, is 
therefore 12 inches per second (being twice its previous average 
velocity). The uniform motion of the weight would then be at 
the rate of 12 inches per second, during the third and succeed- 
ing seconds, did not the friction of the wheel act as a retarding 
force, causing it to move slower and slower, until it comes to 
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rest It is nscral*, howeret^ in practice to erect a stage at 
some convenient distance from the ring, snch as 06 inches^ 
throi!^ which the \reight will descend in d seconds^ the 
retardaiioa bj friction dnring that time being insensible^ if 
■p- gQ the wheel be well moonted^ in 

the waj' shown in tiie accom- 
panying fignie, Tha axle of 
the wheel carrying the thread, 
instead of turning in fixed 
bearings or holes^ rests against 
the rims oi odier wheels, which, 
of course, are tnmed slowly 
by the motion of the axle rest- 
ing on them. By this means, 
the fridioft is diminished so considerably as to have no apfvsQK 
c&.ble eftct in using the machine. 

118. €Palileo's experiments on the descent of bodies on 
inclined planes hare already been mentioned* It will bo; 
evident from the preceding details^ that the rate of accelera- 
tion on the incfined plane wiQ: be less than that of a body 
falling freely, in the proportion ihfit ^e efEective portion of 
its weight, acting in the direction of its motion, is less l^ian 
its whole weight; that is, as we have seen ia Statics (7»), 
the proportion that the perpendicular height of the plane 
bears to its length. Thus, on a plane inclined I in 64, the 
motion will be the same as that of the weights in the above 
example ; for the whole mass^ hsw to be moved by a force 
eq[ual to only ^ of its weight. 

119. Hence it appears that ('negliectxDg the effect of fric- 
tion) the final velocity, on arriving at the bottcmi of the pkuie^ 
is dependent solely on its kei^t^ and wiU be the same for all 
planes of equal height, however various may be their kng^ r 
a very remarkable result. From this it. aLso follows,, that the 
average velocities are the same in descemiing all planes of ' 
equal height ; and hence^ that the times of descending theoL 
are exactly proportional to their lengths. 
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In Fig. 61 are represented fonr incliited planes of yarious 
len^tiis^ bat of equal height. The final yelocities of bodies 
lolling down aJll these planes will be exactly equal to that of a 
Pig. 61. 




body fidling freely down the same height ; and the velocity, 

after descen^ng ^ or ^, or any othor portion of one of the 

jdanes, will be the same as that acquired in descending a 

similar portion of the vertical ML Thus, if the time of 

descending any of these routes be divided into four equal 

parts*-Mit the end of the first pig. 62. 

part,^ a body wiH have feUen 

-f^ of the vertical height, or -^ 

of the length of either plane, 

Tiz. as &r as the dotted line 1 ; 

at the end of half the time, it 

will (on any plane) have ar- 

xived at the dotted line 2, 2, 2 ; 

and after j of the time, at the 

dotted line 3, 3, 3 ; and the 

yelocities at crossing these 

dotted Imes will be the same, 

whether the body ML yerti- 

cally or down either of the 

planes, without friction. 

120. Another most remark- 
able result of these properties 
of inclined planes is the beau- 
tiful experiment in which two 
or more bodies are placed at 
different points of a circle, and allowed to descend at the 
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same instant along as many planes meeting in the lowest 
point of the circle : they will arriye theie at the same time, 
proving that the times of felling through all chords drawn to 
the lowest point of a circle are equal. Thus, hodies starting 
from A, B, c, Fig. 62, descend in equal times along the chords 
AD, B D, and CD. If the bodies start at the same instant, 
then at every instant of the faU they will be situated on the 
periphery of a smaller circle. Thus, after ^ of the fall, they 
will all be crossing the semicircle a y after ^, the semicircle 
h ; and after f , the semicircle c. 

121. In the descent of bodies upon a curve, the resistance 
of the curve neutralizes different portions of the body's gravi- 
tating force at different points. JS^evertheless, the velodty 
acquired is subject to the same law as in the inclined plane^ 
viz. it is due only to the perpendicular height fallen. Thus, 
at whatever point of the curve the body may be arrived, its 
velocity is always the same as if it were falling freely from 
the level of the point whence it started. For example, in de- 
scending the curve drawn in Fig. 61, a body on arriving at 
the dotted line 1, will have the same velocity as if it had 
fallen vertically, or along any road, straight or curved, down 
to the same level. On crossing the level 2 2, it will have 
twice, and on crossing 3 3, thrice this velocity^ In ascend- 
ing, its velocity will diminish, and it will cross these lines 
again with exactly the same respective velocities as before. 
Hence it will be seen, that if there were no friction, it would 
be carried over any eminence, or any number of eminences, 
lower than that from which it started, and would always 
have the same velocity at crossing the same level. 

122. Hence it follows that the straight line between two 
points at different levels, but not in the same vertical line, is 
not the line of shortest descent from the upper point to the 
lower. To explain this remarkable fact, let us suppose two 
bodies to descend from a to b, Fig. 63, one rolling along the 
inclined plane a b, and the other along the circular arc a c b 
(or the second body may be suspended like a pendulum, 
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which will have the same effect). If we divide each of these 
lines into any namber of equal parts, it is obvious that 
each point of division on the 
curve will be lotcer than the ^^' ^^' 

corresponding point on the 
straight line ; so that, at 
every instant of the descent, 
the body on the curve will 
be lower (and therefore be 
moving faster) than that on 
the straight line. Thus its 
average speed is greater, but 

its journey is also longer, and it becomes, therefore, a ques- 
tion, whether its speed, or its length of route, is increased in 
the greater ratio. In the present case, the speed more than 
compensates for the increase of length ; so that a body will 
take less time to roll down the curve jlcb than down the 
shorter line a b, or down any flatter curve situated between 
the two. It will be observed, that a c b is the longest ctV- 
etdar curve that can be drawn from a to b without an ascent 
towards b; but we may yet give a greater curvature, and 
consequently a greater length to the descent, without lengthen- 
ing, but, on the contrary, still diminishing the time of descent; 
and A p Q B represents the extent to which the curvature may 
be increased before the increase of length will begin to com- 
pensate for the increase of speed, — in other words, it repre- 
sents the hrachystochrone* or curve of quickest descent. 
Fig. 64. 




Mathematicians have determined that this curve is the cycloidy 
or that which is<lescribed by a point in the circumference of 
a carriage- wheel rolling along a plane. Such a point as p, 

♦ From fip&xitrroQy shortest, and xP^^^^f time. 
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Fig. 64, describes a series of arok-like curves, each of ^bic(h 
is called a cycloid. Now if a slope be made in the fonn of 
tbe half of one of these carves inverted, as A P ti B, Fig. 69, 
this will be the line of quickest descent from a to B. Bat a 
portion of the enrvvi, muAi as p <i (though described in less 
time than ihe straight line p q), is not the line of shortest 
descent from P to 4^ To fnd this, we most draw a sma^r 
cjdoid, of such dimenfflons, that when its upper extremity is 
placed at p, it shall pass through q. 

123. But the cycloid possesses a still more remarkable pro- 
perty, called iiw^omgrn^* and vrhi<^ consists in this, that 
from whatever part of the curve a body may commence its 
descent^ it will always occupy the same length of time in 
reaching the bottom. The former property belonged only 
to arcs extending to the ttpper end of t^e curve, as a P, a ^ 
Fig. 63 ; and the present belongs only to such as extend to 
the lotDer end. Bodies starting from a, p, and ct, at tbe same 
instant, will all arrive at b together; and however near to 
B a body may start, it wiU be as kmg reaching b as if rt had 
descended the whole curve from A ; or if a body suspended 

from a thread, as 
^'^•^^' A B, Fig. 65, be made 

to oscillate between 
cheeks in the form 
of half-cycloids, a c, 
a c, in such a way that 
the thread -will just 
wind over either of 
tiie balf-cycloids from 
A to « or ^ tlie body 
», in flwinging be- 
tween these two cheeks, will describe a cycloid c b c;f so 

* From Iffoc, equal, and xp6voc, time, • 

t Because it is a mathematical property of the cycloid, that its evolute, 
or the curve described by a thread unwound from it, is another cycloid 
equal and similar to itself. 
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that from what6if«er point in this curre the body b ia made 
to &I1, it will airive at b ajtd pass to its gi^eatest hei^t in 
the opposite cure in equal times; and however mucli its 
oscillations may diminish in -extent (by libe leSdcts of bic- 
ticm, &c.), they will always be Uoehrorumm, «r eqwd-HMed. 
Tiagy in fact fttmishes an uoehronous or efoal-timed pen- 
duhun, «.n instrument whidi would be invaioable in practice 
were it not that no substance can be found of suffidoit 
strength and flexibility to form a thread wltidi shall eaoly 
wind on l^e cydoidal cheeks, and of sudi a nature as ttbat 
it BfaaU not adhere to them. On this account tbe cycloidal 
pendulum, al^ougb perfect in theory, is inferior in practice 
to the simple pendulum, whose raluable and remarkable 
properties we are now about to describe.** It will be seen 
that when the common pendulum vibrates in very small 
arcs of a circle, its vibrations are, for all practical purposes, 
isocbrenotts, because the circle has tbe same curvature as the 
cycloid at its lowest point, and may be confounded with it 
for a smaM distance, as seen near b. Fig. 65. 

124. The pendulum is one of the simplest of scientific 
instruments, and also one of tbe most important, for by its 
means we are enabled, not only to measure time with pre- 
cision, but to determine the variation of the force of gravity 
in different places, wbereby data are furnished for deter- 
mining the figure of the earth, and even the density and 
arrangement of materials in its interior. 

Any weight attached to the end of a flexible thread, 
and suspended by a fixed point p. Fig. 66, may be said to 
constitute a pendulum. Its fundamental properties are firsts 
to sbow, when at rest, the exact vertical, or the direction 

* But the cycloidal c'Leeks are necessary for properly performing 
the experiments on impact described in (99). They need not, how- 
ever, be extensive, for a very small portion of them, as a <?, a rf, 
Fig. 65, will guide the body through a large range of oscillation, viz. 
from « to e. 
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in which gravitj acts;* secondly^ to oscillate in a yeriica] 

plane when drawn on one side, and then left to itself. If, 

Fig. 66. for example, the pendulum p c be drawn 

aside to a and liberated, it will descend 

to c, and then ascend on the other side 

as far as B, describing an arc B c, nearly 

equal to the arc a c.t From the point 

B it will again descend to c, and then 

ascend towards A, and so on, for a 

considerable time. When the weight 

is descending from A to c, the motion 

is accelerated, and in ascending from c. to B it is retarded. 

125. The motion of the pendulum from a to B, or from 
B to A, is called an oscillation^ or a vibration. Its motion 
from A to c, or from b to c, is, of course, a half vibration or 
oscillation. 

The amplitude of each vibration is measured bj the arc 
A B, divided into degrees, minutes, and seconds. 

The duration of a vibration is the time occupied by the 
pendulum in describing this arc. 

126. If the amplitude of the vibrations of the pendulum 
does not exceed a certain magnitude, the time of vibration will 
not sensibly vary, however the amplitude may vary. Thus 

* When used for this purpose, it is usoally called a plumb-line. 

t It would be quite equal to a c were it not for the friction at p, and 
the resistance of the air; and without these retarding forces the pen- 
dulum once moved would never cease to oscillate, the action of gravity 
being incessant. The proof of this is quite conclusive; for though we 
cannot remove these retarding forces, we can vary them in a given 
ratio, t. e. we can measure and compare them by other means independ- 
ently of the pendulum. Now, if we diminish them to one-half their 
former amount, the pendulum will continue oscillating twice as long as 
before ; if we diminish them to one-third, 'it will oscillate thrice as 
long, &c. ; which is quite sufficient to prove that if the retarding forces 
were 0, the duration of the motion would be ^ t. e. infinite. In a space 
well exhausted by an air-pump, a pendulum has been known to oscillate 
for more than twenty hours. 
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the time of oscillation will be practically the same, whether 
the angle a p o be 4° or 5% 2^ or 3% or of so small a magni- 
tude that the eje cannot distinguish it without the aid of a 
microscope. It is certainly remarkable that the pendulum 
should require as much time to describe an arc of -^th of a 
degree, as to describe one of 10 degrees. The reason, how- 
eyer, will be eyident when we consider that the effect of 
grayity in producing motion depends upon the obliquity of 
the line p a. In the position p c the force of grayity tends 
to keep the pendulum at rest; the impelling effect of the 
force of gravity is measured by the distance of the pendulum 
from this position ; the greater this distance, the greater the 
ayerage yelocity of descent; and any increase of distance 
within a few degrees (or in the cycloid any increase tehaU 
ever) is exactly compensated by the increased speed of de- 
scribing it. 

127. This remarkable law of isochronism is said to be the 
earliest mechanical discoyery made by Galileo, while pur- 
suing his studies at Pisa, about the year 1581. Being one 
day in the cathedral of that town, his attention was arrested 
by the yibrations of a lamp swinging from the roof, which, 
whether great or small, appeared to the thoughtful young 
philosopher to recur at equal interrals. The instruments 
then in use for measuring time being yery imperfect, Cralileo 
attempted, before quitting the church, to test this observa- 
tion by comparing the yibrations of the lamp with the beat- 
ings of his own pulse. Being satisfied, by repeated trials, 
that the oscillations of the lamp were isochronous, he con- 
structed a pendulum with no other object, at first, than that 
of ascertaining the rate of the pulse and its yariations from 
day to day. In the year 1583, howeyer, we find him recom- 
mending the pendulum as a measurer of time. In his first 
applications of it to astronomical obserrations^ he employed 
persons to count and register the osdUations, but he soon 
inyented means for effecting this by machinery, and fifty 
years later, he describes his ^time-measurer," or pendulum 
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clock) ^^ the precision of vfaich is so great, and such, that it 
will give the exact quantity 4»f hours, minutes, scksonds, and 
even thirds, if their -reeaiveiice could be counted; and its 
constancy is such, tha;t two, four, or six such instrttmenta 
will go on together so equably, that one will not differ from 
another so much as the beat of a pulse, not only in an hour, 
but even in a day or a month." 

128. Seeing, then, that the vibnttians of the peudnlnm 
depend upon the force of gravity, wfaidi acts upon all bodies 
with equal effect (108X we may naturally suppose that those 
vibtations are not influenced by the quantity or quality 
of the weight su£^i|$ied. Balls of metal, of ivory, cf wood^ 
&a, suspended by i^rings of the same length, vibrate in the 
same time ; and the b^a&e remark would be true with respect 
to cork and other light substances, were it not thi^ they bear 
so small a proportion to the resistance of the atmosphere com- 
pared with balls of metal. The remark, however, is true of 
all substances suspended in vacuo. 

129. Seeing, then, that the dme of oscillation o^ a pen- 
dulum vibrating in small arcs, depends neither upon the 
magnitude of the arc, nor upon the quantity or quality of the 
substance suspended, let us now inquire what effect will be 
produced by varying the length of the suspending thread* It 
can be proved that if the drcumference of a cirde be regarded 
as 3.141 G times its dian^eter, tibe time of oscillation of a 
cydoidal pendulum (or of a common pendulum vibrating in 
very small arcs) will be 8.1416 x the time of falling verti- 
cally half the length of the p«idulum. Now as the time of 
oscillation bears a constant ratio to that of falling through the 
hei^t of the pendidnm, and as the times of falling different 
height are proportioned to l^e sqnai^ roots of those heights,* 
it Mows that the times of oscillation of different pendulums 

-arenas the square roots of ihe lengths of the pendulums. 
For czfonpk^ if we i$ke three pendulums whose lengths are 

* For tlie heights feUsn ok u the tquant of the tttues (114). 
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as the nmnbers I, 4, 9, then the times of Fig. 67. 
yibration will be respectiyelj as 1, 2, 3. 
Three such pendnlams are represented in 
Fig. 67, consisting of three weights suspended 
in the same yertical line by means of threads, 
each attached to two pc^ints of suspension. 
It will easily be seen on repeating this experi- 
ment, that the pendulum whose length is 1, 
makes 2 vibrations to every 1 of that whose 
length is 4, and 3 vibrations to every 1 of that 
whose length is 9. 

In determining the above important laws, 
we have taken what is sometimes called a 
simple or geometrical pendulum, or one in 
which the weight of the thread is altogether 
omitted, and the heavy body suspended, sup- 
posed to have its whole weight collected into 
one phyi^cal point; or, in other woids, the 
suspended body is supposed to have weight without mag- 
nitude. 

130. We now take the case of what is sometimes called a 
compound pendulum, in which the effect of weight in the 
thread and magnitude in the suspended body, are considered. 
The several parts of such a body will of course be at different 
distances from the axis of suspension. Now, if each material 
point of such a body were to be connected with the axis of 
suspension by a separate thread, and if, while this system 
were vibrating as a single pendulum, the heavy body were 
to fall asunder, and each particle were to vibrate by its own 
separate thread, it is evident that those nearest the point of 
snspendon would vibrate more rapidly than the remoter par- 
ticles. In a heavy body, such as is used for the bob of a 
pendulum, all the particles being bound together by the force 
of cohesion, must vibrate in the same time. Those nearest 
the point of suspension must be retarded by the slower 
motion of remoter particles; while these, on the contrary, are 

g2 
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Fig. 68. 




made to vibrate quicker by the tendency of the nearer par- 
ticles to oscillate in shorter times. Thus, in the annexed 
figure, it is obyious that the extreme 
particles at b must be forced to os- 
cillate in shorter times than they 
would do if left to themselves, while 
the particles at a must oscillate in 
longer times than a simple pen- 
dulum whose length is A a. There 
must therefore be some particle be- 
tween a and by situated at such a 
distance from A that the tendency 
of the particles above it to accelerate 
its motion, is exactly compensated* 
by the tendency of the particles 
below it to retard its motion ; con- 
sequently, the molecule situated at 
this particular point, viz. o, oscil- 
lates in exactly the same time as it 
would do if liberated from all connection with the other par- 
ticles above, below, and around, and were set swinging by a 
thread without weight. This remarkable point is called the 
centre of oscillation,* 

* If the motion of a pendulum is to be completely stopped without 
producing any pressure on the point of suspension, the opposing force 
must be applied, not at its centre qf gravity t hut at its centre qf otcilia" 
tion. Hence, this point is also named the centre qf percuseion. If a 
blow be given by a rod of uniform thickness, held by one end, and swung 
round in a circular arc, the effect of the blow is not so great at the 
middle, which is its centre of gravity, as at the centre of percussion, 
which is farther from the hand. This property of the centre of percus- 
sion can be ascertained by giving a smart blow with a stick. If we gire 
it motion round the joint of the wrist only, and, holding it at one 
extremity, strike smartly at a point considerably nearer, or more remote, 
than two-thirds of its length from the hand, we feel a painful jar or 
strain in the hand ; but if we strike at the point which is precisely two- 
thirds of its length, no such disagreeable jar will be felt. If we strike 
the blow at one end of the stick, we must make its centre of motkm at 
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131. The distance of the centre of oscillation from the 
point of suspension forms what is called the length of the 
pendulum. This length is in effect the length of the simple 
pendulum, which would oscillate with the same rapidity as the 
compound pendulum. The position of the centre of oscilla- 
tion depends on 'the form and magnitude of the oscillating 
hodj, the density of its several parts, and the position of the 
axis on which it swings. A pendulum of copper with a yerj 
thin rod, would have its centre of oscillation at o, Fig. 68 : 
but if the rod were thicker, its centre of oscillation would be 
higher ; but it can never be so high as the centre of gravity, 
o, though whatever raises or lowers the centre of gravity 
will raise or lower that of oscillation. A small weight added 
to the lower extremity &, causes the centre of oscillation to 
descend ; if this weight were placed higher than o, it would 
caufie that centre to ascend. Accordingly, in some clocks a 
small weight is made to slide upon the pendulum-rod, by the 
adjustment of which the clock may be regulated ; it is, how- 
ever, more common for this purpose to cause the bob to ascend 
or descend by means of a screw placed beneath it. 

132. The addition of matter above the axis of motion, or 
lengthening the pendulum beyond a, has a very remarkable 
effect. As the matter above a must be rising whenever the 
rest of the pendulum is falling, and vice versdy it tends to 
retard every motion, just as the smaller weight in Atwood's 
machine retards the fall of the other. Hence the time of 
oscillation is lengthened, and may be made as long as we 
please; for, if the matter above A have its whole moment 
equal to ^hat of the matter below A, there will be no ten- 
dency to oscillate, for a will be the centre of gravity, and 

one-third of its length from the other end, and then the strain wUl be 
ayoided. The convenience of nsing a hammer, or an axe, depends on 
the position of its centre of percussion ; and swords have its position 
marked on the blade, and if they strike at a point very near the centre 
of percussion of one sword, and very far from that of the other, the latter 
wai be broken, but not the former. 
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the body will remain at rest in wbatever position it is placed, 
or if set in motion will tend to rotate continuallj, and a con- 
tinual rotation may be regarded as an oscillation of infinite 
length. Now the nearer we bring the centre of gravitj to the 
axis of motion, the nearer shall we approach this state, and 
the longer will be the time of oscillation, or the greater will 
be the rirtual length of the pendolnm ; so that this length 
may be as great as we please, and when it is greater than ihe 
actoal length, the centre of oscillation will be out of the 
pendulum, and may be at any distance from it.* 

133. Since the yirtual length of a pendulum is estimated 
by the distance of its centre of oscillation from the axis of 
suspension, it follows from what has been said (129), that the 
times of yibration of different pendulums are in the same 
proportion as the square roots of the distances of their centres 
of oscillation from their axes of suspension. Now it is rery 
remarkable, that whatever may be the positions of these two 
points, they are always mutual]y..<M>nyertible. For example, 
if A be the axis of suspension, an4 o the corresponding centre 
of oscillation, the pendulum will yibrate in the same time if > 
it be removed from its support, inverted, and suspended from 
o instead of a, for its centre of osciUation will then be at a. 
This property of the pendulum was made use of by Captain 
Kater, in his laborious experiments on the length of the 
seconds pendulum, with a view to furnishing a national 
standard of weights and measures. 

134. The mathematical method of determining the place 
of the centre of oscillation is somewhat difficult even in pen- 
dulums of the simplest forms and of uniform density, and 
hardly applicable in others. It may be observed, however, 
that the time of oscillation, and consequently the virtual 
length, is the same for all positions in which the distance of 
the axis of suspension from the centre of gravity remains 
constant ; and also, that the centre of gravity is always in 

* Thus we see that a body may be so held (or haye its fixed axis in such 
a position) as to have no centre qf pereusnon. 
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the stnugbt line joining the centre of oeoillation and the axLi 
Hence, if a sphere be described round the centre of gravitj 
with any radius^ another concentric sphere may be found, 
saeh that if the axis be a tangent to any point of either the 
onter or inner sphere, the centra of oscillation will be at the 
diametrically opposite point of the other sphere. It is 
possible to find such a radius for one of these spheres as shall 
make the other coincide with it. In this case, that is, when 
the axis and the centre of oscillation are at equal distances 
from the centre of gravity, they are as near each other as 
possible, 8o that the pendulum then oscillates in the shortest 
time possible. 

135. The determination of the exact virtual length of the 
pendulum vibrating seconds, or other measurable intervals 
of time, enables us to ascertain spme most important fiicts 
respecting the earth apd the force of gravity, some of which 
will be noticed in the next section. But in order to mske 
the pendulum applicable to these delicate obseryatioivi, it is 
necessary to determine, ^rst^ the exact time of a single 
vibration ; and, tecondl^/^ the exact distance of the centre of 
oscillation from the point of suspension. The first point is 
determined by observing the precise number of oscillations 
made by the pendulum in a certain uumber of hours, as 
determined by a good chronometer; and then dividing the 
time by the number of oscillations, the exact time of one 
osdllation will be obtained. But as it may be necessary 
during several hours to count many thousand oscillations, the 
chances of error are very great : the method of coincidmces^ 
invented by Borda, may therefore be employed. The pen- 
dulum whose motions are to be observed is placed before a 
pendulum clock, and the two are so adjusted as to oscillate 
nearly, but not quite in the same time. The two pendulums 
are set swinging at the same moment, but beiug slightly 
unequal in length, they soon cease to swing together ; one gains 
a little upon the other, so that they both cross each other in 
swin^ng, until at length one has gained a whole oscillation 
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npon the other : when this takes place, the two pendulams 
coincide for an instant^ and again separate as before. Now, 
if all these ooincidences be obsenred in a given time, say 
three hours, the hand of the clock will giro the nnmber of 
vibrations made by its pendnlnm, and the nnmber of coin- 
cidences will show the nnmber of vibrations which the other 
pendnlnm has guned or lost upon it. By adding or sub- 
tracting the number of coincidences from the number of 
oscillations shown by the dock, we get the exact nnmber 
made by the experimental pendulum in three hours. Dividing 
the number of seconds in the three hours by this number of 
oscillations, we get the duration in seconds of each oscillation. 

The length of the pendulum, that is, the distance of the 
centre of oscillation from the point of suspension, may be found 
by the rule ahready given (133), and by giving to the pen- 
dulum a uniform figure and material, it is the more easily 
determined. 

136. The time of vibration and the length of a pendulum 
being known, it becomes easy, first, to determine the length of 
a pendulum which shall vibrate a given time ; and, secondly, 
to determine the time of vibration of a pendulum of a given 
length. In the one case the time of vibration of the known 
pei^ulum is to the time of vilHration of the required pendulum 
as the square root of the length of the known pendulum is to 
the square root of the length of the required pendulum. The 
second problem may be solved thus : — ^the length of the known 
pendulum is to the length of the proposed pendulum as the 
square of the time of vibration of the known pendulum is to the 
square of the time of vibration of the proposed pendulum. 
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Uj. UNIFORMLY RETARDED MOTION COMPOSITION OF 

MOTIONS ^PROJECTILES — HEAVENLY BODIES — CENTRIFUGAL 

FORCE. 

137. Whateyer has been stated in the last section respecting 
uniformly accelerated motion, as produced by the constant 
action of a force in the same direction in which a body is 
moving, will be found equally applicable to the converse 
case of uniformly retarded motion, produced by the constant 
and uniform action of a force in the contrary direction. As 
in the former case the velocity increased by equal additions 
in equal times, so in this case it is reduced by equal losses in 
equal times ; and if the force be the same, the velocity lost 
in any unit of time, such as a second, will be equal to that 
gained in a similar unit in the former case. Thus, when a 
body is projected or thrown directly upwards, and then left 
to the action of gravity, it rises during any second 32 feet 
less than during the previous second, until its velocity is 
reduced to 0, and then to less than 0, that is, to a motion in 
the contrary direction, when the same law continues un- 
altered, for the body gains, like any other Ming body, 32 
feet of downward motion per second, which is the same 
thing as losing 32 feet of upward motion. By taking the 
opposite signs + and — to represent upward and downward 
velocity, we may easily determine the motion of a projectile 
shot upwards with any given velocity, say 100 feet per 
second. At the end of a second its velocity will be reduced 
to 100 — 32 = 68 feet per second ; but the average speed 
during the whole second is the mean between 100 and 68, 
viz. 84 feet per second. 

In the Ist second it riaei 100 - 16 » 84 feet 

In the 2nd ,, „ 84 — 32 » 52 bringing it to 136 ^ 

In the 3rd ,, ,, 52 ~ 32 » 20 ,, 156 feet fron. 

In the 4th ,, ,, 20 - 32 « ~ 12 lowering it to 144 \ the 

In the 5th „ „ -12 - 32 « - 44 „ 100 ground 

Inthe6th „ » .44-32»-.76 ,. 24 J 

g3 
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And another qnarter-second will exactly bring it to the 
ground^ for its Telocity at the end of the 6th second is 
100 — (6 X 32) = — 92 feet per second ; and at the end of 
6i seconds it is 100 — (6^ x 32) = — 100 feet per second ; 
and the mean between 92 and 100 is 96, so that the average 
Telocity daring the qnarter-seoond is 96 feet per second, or 
24 feet per quarter-second. 

As the Telocity diminishes jost as fast dnring the ascent 
as it increases daring the desoenti the body passes any point 
with the same Telocity in rismg as in filing, retoms to its 
starting IcTcl with its original starting Telocity, and takes 
the same time to perform the whole or any part of its ascent 
as the whole or the corresponding part of its descent* 
Hence, haTing the initial Telocity, we can easily find the 
time of ascent or descent; thus, as 32 : 100 :: 1 second 
(the time reqnired to gain or lose a Telocity of 32) : 3| 
seconds (the time reqnired to gain or lose a Telocity of 100) ; 
whence 6^ seconds are necessary, first to lose and then to 
gain it. The height attained, Uien, is 3| x 3| x 16 feet 
= 156 feet 3 inches. 

138. We see by this example, that motions in the some or 
contrary directions can be campaundedy like statical forces 
(6), by mere addition or subtraction ; for, in fact, the place 
of the body at any moment of its ascent or descent, at 
5 seconds after its projection, for instance, is the same as if 
it had first risen for 5 seconds with the uniform Telocity 
imparted to it at starting, and then fallen for 5 seconds by 
the free action of graTity. The original Telocity continued 
uniformly during this time would haTO carried it through 
+ 500 feet; and the action of graTity, as we haTO seen 
(113), would bring it through — (5 x 5 x 16) = — 400 
feet ; and, accordingly, the action of both together brings it 
to 500 — 400 = 100 feet from the ground. The same pro- 
cess will giTe its exact height at any other moment of the rise 
or fall. 

139. This composition of motions could not take place were 
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it not for a ph jdoal law of great importance and simplicity, 
which maj be thus expressed, that the dynamical effecti of 
forces* are proportional to their statical effects. The same 
force which balances another force of twice the amount, will 
aJso when unbalanced produce twice as much motion ; that 
is to say, it will either (I.) impart to twice as much matter 
the same velocity in the same time; or (II.) it will impart 
to the same matter tvoice the velocity in the sam^ time ; or 
(III.) it will impart to the sarm matter the same velocity in 
half the time. It m^ust be distinctly understood, that this is 
noty as some have supposed, an abstract or necessary truth, 
bat a physical fact, or law of nature,-^not a fe^ct to be learnt 
by dedttction^ but by induction from experiments ; and it is 
this which renders dynamics an inductive science. The 
rules for the composition of statical forces may be deduced 
without any appeal to nature; but such appeal is neces- 
sary before we can apply them to motions, for they would 
not be so applicable if motions were not proportional to the 
pressures producing them. For instance, it might have 
been so ordained that the dynajnic effects of forces should 
be as the squares of their statical effects, or vice versd^ — that 
a double pressure should produce a quadruple motion, or a 
quadruple pressure be required to produce a double motion, 
in neither of which cases could motions be compounded 
in the simple manner above explained. One consequence 
of this would be, that the proper motions of the various 
objects in a ship, for example, would not be so compounded 
with the common motion of the whole ship as to produce, 
with regard to each other, the same effects as if the ship 
were at rest. For example, to quote a case from Professor 
Bobison, suppose a ship at anchor in a stream, and that one 
man walks forward on the quarter-deck at the rate of two 
miles an hour; that another walks from stem to stem at 
the same rate ; that a third man walks athwart ship, and 
that a fourth stands still. Now, let the ship be supposed to 
cut her cable, and to float down the stream at the rate of three 
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miles an hour. We eaanot eonmTe any differeoee in the 
diaage made on each man a motion in alisolnte wptuce; bat 
their motions are now exceedingly different from what they 
were: the first man, whom we may soppoee to haye been 
walking westward, is now moying eastward one mile per 
hour ; the second is Ynoying eastward fonr miles per hour ; 
the third is moying in an obliqne direction about three 
points north or south of due east All haye suffered the 
same change of condition with the man who had been 
standing still; he has now got a motion eastward at the 
rate of three miles an hour. In this instance we see very 
well the drcnmstance of sameness which obtains in the 
change of these four conditions. The motion of the ship is 
blended witii the other motions; but this circumstance is 
equally preset wheneyer the same preyious motions are 
changed into the same new motions. We must ascertain 
this by considering the manner in which the motion of the 
ship is blended with each of the men's motions. This kind 
of combination is called the eompontion of motion^ to which 
the doctrine of the parallelogram of forces is applicable.* 

* The importance of this prindple, and also that of experiment or 
active obsenrationy as distinguuhed from mere experience or pateufe 
observation, is well shown by the history of an objection once urged 
against the Copemican system— yiz. that if the earth were really moving, 
« stone dropped from a tower or precipice would be left behind, and fall 
at a considerable distance westward, just as it would, if dropped from 
the mast of a ship sailing on a river, be left abaft the foot of the mast. 
Neither of these experiments was actually tried ; they were thought 
too simple, and their results too obvious, to need a special examination. 
80 the objection was met with learned arguments, answered by others 
equally latis&ctory, till after some years the discussion was suddenly 
cut short by the simple discovery that the stone deee not faU abaft the 
mast, but accurately at its foot (if in vacuo or in air that partakes of 
the ship's motion). Still no one thought of performing with care tiie 
other experiment, till, after the complete establishment of the laws of 
motion, it was seen that this would stiU, though for a diflferent reason 
afford the experimentum crude for deciding whether the earth be iii 
notion or at rest ; and now, instead of oondnding againet its motion, 
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140. Bat, to take a simpler case than the aboye, and one 
which has been already considered statically (8). Suppose the 
body;!?, Fig. 69, to be acted Fig. 69* 

on at once by three forces 
in the directions of the 
arrows a, b, c; thatAacting 
alone would in one unit 
of time (such as a second, 
or an hour) driye the body 
to a ; that B acting alone 
(and being weaker than a) would in the same length of time 
drive the body no fhriher than to &/ and that c, in like 
manner, actiug alone, would cause it in the same length of 
time to reach c. Now, to find the effect of a and b united, 
complete the parallelogram xadh^ and its further angle d 
is Ihe point to which the body will be sent by the joint 
action of both A and B, in the mom length of time that it 
would hare occupied in reaching a by the action of a only, 
or in reaching h by the action of b only. This will be true, 
whether the two forces act both in the same manner or in 
different manners, however varied; but in the latter case, 
although the body arrive at the point d just as soon, yet it 
will travel thither by a different route. In order that it may 
move along the straight line xd^ it is necessary that the two 
forces act in the same manner ; such, for example, as by an 
instantaneous impulse, which will cause a uniform motion; 
or both may act continuously and uniformly, so as to produce 
a uniformly accelerated motion (like that of &lling bodies) ; 
or both forces may act with a continually varying intensity, 
both increasing or diminishing at the same rate, and the 
motion will still be rectilinear. But if one force be instan- 
taneous and the other continuous, or one uniformly continued 

because the stone does not fall at a great distance to the weat, we actually 
derive a 'direct proqf of that motion from the fact that it falls a very 
minute distance to the eoit of the vertical. — See '' Introduction to the 
Study of Natural Philosophy/' (36). 
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and the oiber yaiyiiig in intenmtj, or both Ysrying by dif- 
Cnent kws, so as not to presenre constantly the same latio 
to each othei^ then the path of the body will be a cnry^e^ 
stilly howerer, conducting it erentnallj to the point d, in the 
same time that the force a would have taken to send it to a, 
or B to 5. 

But suppose the third force c to act on the body Xy and to 
be capable of carrying it to <; in the same time that a and b 
jointly would carry it to d "We have only to complete the 
parallelogram xdee^ to find that by the combined action of 
all three forces the body will be sent in the same unit of 
time to e. Here it should be observed, that whether we first 
find the combined effect of a b and then add that of c, or 
first combine a o and then add b, or first combine b c and 
then add the effect of a, the result in either case will be the 
same, and will conduct us to the same point e. 

It is another xemarkable consequence of this law, that 
whether we regard the directions of the three forces as being 
all in one plane, or in different planes ; whether we regard 
the lines of this figure as they really lie flat on the paper, or 
as the projection or picture of a solid parallelopiped, the law 
is equally true. The same process is of course capable of 
being extended to any number of forces or motions. 

141. Thb most important law as regards motions, may 
therefore be simply expressed in the following terms : — ^that 
by any number of forces acting together for a given length 
of time, a body is brought to the same place as if each of the 
forces, or one equal and parallel to it, had acted on the body 
separately and successively for an equal length of time. 
Thus, by the separate and successive action of the forces 
A, B, 0, or equal and parallel ones, during a certain time, an 
equal time being allowed to each, the body x will be carried 
first to a; thence, by a force equal and parallel with b, it 
will be carried to d^ and thence to «, by a force equal and 
parallel with c. Or if they act in any other order, it is 
easy to see that x will be carried along three straight lines, 
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wluch, thougli forming a different route in each caae, will 
yet in eyerjr case bring it eventnallj to the same point e; 
which is also the point to which it will be carried when they 
all act together for the same length of time daring which we 
have supposed each to act separately. 

142. Let us now consider the effect of the composition of a 

uniform with a uniformly accelerated motion, the two being 

in different but not opposite directions. In other words, let 

us obserre the effect of a constant and uniform force acting 

in any way on a body already in motion. We have already 

considered the particular cases in which the foToe directly 

aansts or directly opposes the motion, — ^the former is the 

caso of falling bodies (114), the latter of those shot directly 

upwards (137). We come now, therefore, to the general 

case of projectiles^ t. e, bodies thrown horizontally, or ob- 

li(^uely. To simplify the question, let us suppose them to 

moYe in a vacuum^ so that they may be subject to no other 

force than gravity, which continually deflects them out of 

the straight line which they would otherwise describe (94), 

and which is called the line of projection. Now it matters 

not whether this line be horizontal, inclining upwards, or 

mdining downwards, it will constantly be found that the 

vertical depth of the projectile below this line at any moment, 

is equal to the depth which it would have &llen during the 

time which has elapsed since its projection. Thus, if a 

cannon-ball be shot from a, Fig. 70, in the direction a 5, and 

its original velocity be such as would carry it through the 

space A a during one second, then, if not subject to gravity, 

it would proceed in a straight line and arrive at a in one 

second, at h in two seconds, and so on. But gravity alone 

would cause it during the first second to fall 16 feet, say 

from A to G. By completing the parallelogram a a o ^, we 

see that after one second the body will have arrived at ^, 

exactly as if it had first been carried by the projectile force 

during one second to a, and then fallen during one second 

to g. In the same way, during the next second, the ball 
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moves in the direction of projection throngh the space a h^ 
or g A, and in the direction of gravity through A 2 = 3 times 
16 feet. In the third second it advances as much as before 
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viz. 2 1, and falls 5 times 16 feet, bringing it to the point 3 
In the fourth and fifth seconds it advances in the direction 
3 ^, or 4 Z, as much as in the first second, but &Ils 7 times 
and 9 times as much, thus arriving at the points 4 and 5. 
Now it results from this, that the points a, ^, 2, 3, 4, 5, are 
necessarily situated on a curved line of that kind called a 
parabola^ and if the place of the ball at any other moments, 
however numerous, be found, all these points will likewise 
fell on the same curve. For instance, at half a second after 
projection, the ball will have been shot through half a o, 
and will consequently be somewhere on the vertical line c d^ 
half-way between a g and a^y but it will not be half-way 
between c and d, and consequently not in the straight line 
between a and g, for the space faUen through in half a 
second IS, as we have seen, not 8 but only 4 feet, so that it 
will be only 4 feet below o; thus accounting for the con- 
tmued curvature of its path.* 

it IntV'^'^'-f "* r^"""^ '** ^^^^^^^ *ff«^* independendy of the other, 
h wm be evident that the flight, however long, must Jperformed '^ 
the very same time a. if the body had been simply shot verticaUy up 
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143. The same constraction will gire as the path of a 

projectile shot horizontally, or obliquely downwards; and 

in all cases the path will be a portion of a parabola whose 

axis is vertical, or in the direction of gravity. When the 

inclination is upwards, as in Fig. 70, the distance from a at 

which the ball again crosses the horizontal line a 5, is called 

the horizontal range. This will be the greatest possible, 

with any given velocity of projection, when the body is 

projected at an angle of 45*^ with the horizon, which is the 

reason that mortars are fixed at that angle. In this case the 

greatest height attained is just one-fonrth of the range.* It 

is also remarkable that the range will be diminished equally 

by equal deviations from this angle, whether above or below 

it. Thus a mortar will (with the same charge) carry to 

the same distance, on a level plain, when it is inclined 40^ 

as when inclined 50*^; or the same at 10^ as at 80^ A very 

elementary knowledge of the nature of the parabola will 

enable the reader to deduce these, and some other singular 

foct8.t 

to the highest lerel which it attains. So also a body shot horizontally 
with any Telocity, will reach any lower level in exactly the same time as if 
it had been simply dropped. 

* So that, as the time of flight is twice the time of faDing that height 
(or the exact time of falling fonr times that height), the ball arrives at 
its destination in the same time as if it had fallen a like distance vertically 
by the action of gravity. Hence the greatest range attainable (in feet) is 
16 times the sqnare of the number of seconds in the flight. 

t In all this, the resistance of the air has been neglected ; and the intro- 
duction of this new force, varying as it does both in direction and inten- 
sity (being always opposed to the direction of the compound motion, and 
varying as the square of its velocity), complicates the problem so much 
as to render it one of the most difficult in dynamics, and one which cannot 
be said to be even yet reduced to a practical form. The calculations of 
gunnery are therefore necessarily founded on experiment, rather than 
exact reasoning. How great an e£fect the air has in altering the parabolic 
form, wiU be obvious from the fact that this curve, if perfect, would be 
symmetrical on each side of its axis ; whereas, in the actual path of a 
projectile, the descending branch is always shorter and steeper than the 
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144. We hare hitherto regarded grayity 9a Vk parallel force 
(or as acting eyeiywhere parallel to itself), because the centre 
towards which it is directed is so distant (nearlj 4,000 miles) 
that the lines oonrerging to saoh a centre may be considered 
paraUeL But if the range of a projectile amounted to some 
miles, so as to bear a measurable ratio to the earth's radius, 
it would be necessary, in finding its path very exactly^ to 
allow for the yariaUon in the direction of grayity; or in 
other words, to regard it as a central force, by making the 
lines A o, a g^ & 2, t 3, k4t^ Z 5, Fig. 70, no longer parallel, 
but such as would, if continued, meet at the earth's centre. 

145. A moderate acquaintance with the conic sections will 
enable the reader to imagine the effect of this change, yiz. to 
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conyert the parabola into 
one extremity of a very 
long and narrow ellipeei, 
whose other extremity 
passes round the earth's 
centre, and has its focus 
at that centre. Such, in- 
deed, is the curye de- 
scribed by eyery projec- 
tile. Thus, in Fig. 71, a 
body thrown from A to b 
does not strictly describe 
a parabola whose focus is 
at F, but an ellipse, of which one focus is at F and the other 
at c. It is preyented, indeed, by impinging on the earth's 
surface at B, from describing more than a very small part of 




ascending one. If a cricket-ball described a parabola, it would fall 
to the ground as obliquely as it originally rose from the bat, but 
it is easily seen that it falls mord perpendicularly. The want of symmetry 
will be more obvious in throwing a body of less density, such as cork ; 
but it increases so greatly with the velocity of projection, that a cannon- 
ball will describe a less symmetrical curve than a ball of cork thrown by 
Hand. 
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the carve ;* but if we snppofle all obstacles to be remored — ^if 
w^Q imagine, for instance, the whole mam of the earth to be 
concentrated at the point c — ^the body wonld proceed round 
the entire oval, and (if encountering no resistance) return to 
the point a whence it started, and continue to reyolve per- 
petually in the same orbit, which would exactly resemble 
that of a comet round the sun. Or, supposing the earth to 
retain its actual dimensions, if a body were projected horizon- 
tally from a with such a velocity as could carry it through 
the space a ^, in the time of fidling through no greater space 
than b (?, such body, though perpetually deflected by gravity, 
could never be brought to the ground by gravity alone; but 
(if meeting with no other matter to be moved, such as air) 
TTOuld continue in the elliptical curve a e d^ which, after 
approaching within a certain distance of the earth, again 
recedes therefrom, attains its greatest distance at the point 
diametrically opposite to its least distance, and has, like the 
former ellipse, one of its foci at c, the other being in this 
case at /. By a nice adjustment of the velocity and direc- 

* If it be askedi "What becomes of its motiaii ? (for it has been stated 
(103) that motioxi is never lost), the reply is, that it is absorbed by (t. «, 
produces its effect on) the mass of the earth, by' checking and destroying 
the equal and contrary motion which was imparted- thereto by the recoil 
qf the gun. Thus, were it not for the quality of action and reaction, ^ 
even the puny motions produced by human agency would gradually drive 
the earth out of her orbit, and derange the mechanism of the universe. 
A child jumping pushes the earth from him, as well as himself from the 
earth ; and then attracts it of much as he is attracted, t. e. with as much 
momentum. As the spaces moved through by each are inversely as their 
masses, it follows that their common centre of gravity remains unmoved : 
and this eontervoHon qf the centre qf gravity is a principle of the utmost 
importance. It must be constantly borne in mind, that no actions, how- 
ever violent, between two or more bodies, can possibly move or disturb 
the motion of their common centre of gravity,— /Aa/ can only be affected 
by forces from without the system. Even in the meeting of two cannon- 
balls, or the bursting of a bomb in the air, the common centre of gravity 
of all the fragments will continue its previous course, perfectly undisturbed 
by the shock 
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turn of projecfcioii, the eoceatndty of the eHipse might 
heoome 0, or the path ciieiikr and eonoeDtnc with the 
eartk 

146* It is in this rnannei^ then, that the moan rerolTes in 
an ellipee of small eeoontricity, of which one f ocas ia oeenpied 
by the earth's centre. Her deflection from the straight line, 
indeed, during a second, does not amount to anjthing 
approaching 16 &et; hot, neyertheless, it is due to a force 
exactly identical with that which deflects a projectile. To 
prove thi% we have only to ohserye that the distance of the 
moon from the centre of the earth is fonnd hj triangolation* 
to yarj within certun limits, which, for the sake of sim- 
plicity, we will call 58 and 62 terrestrial radii ; u &, 5S and 
62 times our distance from the same centre. Now the moon's 
deflection, when at the former distance^ amounts, daring any 
given time, to g^^ of the deflection or &li of a terrestrial 
body during the same length of time. But when at the 
latter-named distance, her deflection is only ^-^^ of that of 
a terrestrial body during an equal time. These numbers, 
8364 and 3844, will be obserred to be the squares of 58 and 
62, whencQ it appears that the force which deflects the moon, 
raries in intensity inveridy as the square of her distance 
from the earth's centre varies; and this is confirmed by 
observing her deflection at all other intermediate distances. 
Hence we may easily calculate at what rate she would be 
deflected or attracted if placed at any other distance not 
comprised within these limits. Now, if we calculate in this 
manner her deflection or fall, supposing her situated at our 
own distance from the earth's centre, we shall find it would 
be exactly 16 feet in a second, 64 feet in two seconds, &c &c., 
like that of our projectiles or falling bodies.t 

* See '* Introduction to the Study of Natural PhiloMphy," (22). 

t The identity of the force is further placed beyond all doubt by 
finding that the same Tariation of inteniity, according to the distance 
from the earth's centre, applies also to terrestrial bodies; for the dis- 
tance fallen by them in the first second is found to be rather less upon 



UNIVERSAL GRATITATIOK. 141 

147. This calculation is celebrated as having laid the foun- 
dation of that magnificent discovery which forms the most 
memorable epoch in the whole history of science. But the 
reader must not suppose that the merit of this grand gene- 
ralization consisted merely, or indeed at all, in a bold and 
fortunate conjecture, supported by a few such calculations as 
this. Such a conjecture was not even new ; but in order to 
remove it from the barren region of conjecture into that of 
rigid and useful demonstration, Newton had not merely to 
calculate, but to invent new methods of calculation (those 
previously known being wholly inadequate to solve such 
questions); not merely to demonstrate, but to invent new 
modes of demonstration, such as, though never before heard 
o^ should yet command universal assent. He had, moreover, 
to show how this simple idea, when fully carried out, repre- 
sented exactlpy in number^ weighty and measure^ not only the 
main features of planetary motion, but all its minutest 
details ; — not only the mean motions, or such as are observ- 
able without actual measurement, and reconcileable with the 
simple notions of circular and uniform motion, — not only 
the inequalities detected by a more attentive observation, 
and still designated by the term anomaly (though Kepler 
had just then reduced them to perfect order, and shown their 
dependence on t\ie,ellipticity of the orbits), — ^not only the 
still smaller, and till then unaccountable and seemingly 
capricious deviations from these laws of Kepler, — ^but also 

high mountains than at the sea-level, and to be diminished exactly as 
the square of the distance from the earth's centre is increased. This 
has been proved by comparing the oscillations of a penduhim at both 
stations, for the times of these oscillations can be compared, with any 
degree of exactness, by counting the number of them made in a day, or 
any number of days ; and we have seen that these times bear a constant 
ratio to that of falling half the height of the pendulum. A pendulum 
beating exact seconds at Chamouni, would lose upwards of 120 beats 
per day at the top of Mont Blanc ; the depth fallen by a body in the first 
second being nearly two-sevenths of an inch more in the valley than on 
the mountain. 
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may be greater or less Hum a y in any proportion. But the 
prerioiuilj acquired motion of the body would carry it in this 
second nnit through the space c d equal to a c, and in a 
straight line with it We draw, therefore, the parallelogram 
e^de^ and find that the body will describe in this time the 
straight line e e. Now, by the well-known rules respecting 
the areas of triangles (Enclid, Book I. Prop. 37), because d e 
and e s are parallel, the triangles e e B, d e b are equal, and 
(Prop. 38) because a e and e d are equal, the triangles a « s, 
des are equal ; so that e c b is equal to c a s, or the area 
described by the radius vector in the second unit, to that 
described in the first ; and therefore, if the attraction continue 
to act by instantaneous impulses (whether equal or not), 
repeated at equal intervals of time, the body (haying its 
motion changed by each impulse, but uniform during the 
intervals) will describe a series of straight lines, such that the 
area described in each interval will be equal. * NoV, however 
short and numerous we suppose these equal intervals to be, the 
law will still obtain ; therefore it will obtain when they are 
infinitely short, i. e, when the force acts continuously; in which 
case the series of straight lines becomes a eurve. To whatever 
point, then, the deflecting force (or attraction) may be directed, 
the radius drawn from this point passes over areas proportional 
to the times of describing them ; and conversely, when this 
uniform description of areas is observed, with regard to any 
point s, it proves that the deflecting force is constantly directed 
towards that point. This remains true, in whatever way the 
magnitude of the force may vary. 

1 50. The second law observed by Kepler, is, that every planet 
describes an elliptical orbit, having the sun's centre in one of 
its foci.* As the former law enabled Newton to deduce the 

* Strictly speaking, however, ndther this nor the former law applies 
exactly to Uie tun* 8 centre^ bat to that point near it which is the common 
centre of gravity of himself and all his planets, and which point ifl> » 
we have seen, immoveable by any action between the bodies of the 
system. 
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manner in wluoh the direction of the force varies ; so the 
present enabled him to prove how its magnitude varies; viz. 
inverselj as the square of the body's distance from the centre 
of attraction ; so that if the distance be doubled, the force is 
diminished 4 time& It has been thought by some that this 
is a neceisary property of every force directed to or from a 
centre^ because anything spreading in all directions from a 
centre, — light from a candle, for instance, — ^becomes, at a double 
distance, spread over a quadruple space (twice as long, and 
twice as broad); but it has been doubted whether this argu- 
ment can be extended to forces in general, and the great 
philosopher himself certainly regarded the law as an experi- 
mental one. It applies so universally, however, to central 
forces, that this may be considered useful as a method of 
impressing it on the memory.* The proof that it applies to 
terrestrial gravity has already been mentioned. (See note, 
page 140.> 

151. Kepler's third great discovery, instead of relating to 
the motion of each planet separately, indicates a relation 
between them all; thus binding the whole into one har- 
monious system, and enabling Newton to prove that the forces 
deflecting them towards the sun are not merely tmUcMTy but 
identical. Kepler found that the periodic times of any two 
planets (t. e, the times occupied in revolving round their whole 
orbits) are proportional to the square roots of the cubes of 
the longest diameters of those orbits ; or, as it is commonly 
stated, ^^ the squares of the times are as the cubes of the mean 
distances ;" for it will be observed that the mean distance of 
a planet from the sun is half the major axis (or longest 
diameter) of its orbit, for it comes to its greatest and least 
distances at the two extremities of this line, which is, accord- 
ingly, equal to the sum of these distances, or twice their mean. 

152. From this law, Newton proved that the deflections in 
equal times of two different i^hMie^A were connected in the very 

* This is more fully explained by a figure in ** Introduction to Natural 
PhUosophy," (55). 
Mechamct, q 
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same manner as tlioae of tbe iame planet in different parts 
of 1^ orbit ; rie. that tbey were inrcrsel j as the squares of 
the distances from the smi's eentre. Thns the same sort of 
connexion is established between the iunward deflections of 
different planets, as between the earthtoard defleetions of the 
moon and of a projectile. Moreorer, it follows, that as all 
the planets are deflected inrersely as the squares of their 
distances, they would all be deflected equaily if o^ the same 
distance^ i. e. they wonld all fall sunward with equal yetbci-* 
ties ; jnst as we hare seen that all terrestrial bodies (at the 
same place) &11 earthward with equal velocities; and that 
the moon would do the same at the same distance. Thus we 
hare another point of resemblance between solar and terres- 
trial attraction ; that each puHs all bodies at the same distance 
with equal velocities, and therefore with forces exactly pro- 
portioned to the masses of the bodies pulled. 

153. The observance of exactly the same laws In the mo- 
tions of the satellites of the great planets, shows that a force 
of the same kind is exerted towards tJuir centres. Moreover, 
at equal distances, the largest body attracts with most force 
in every case; for the deflection towards Jupiter is 340 
times, — ^towards Saturn 101 times, — ^and towards the Sun 
354,936 times — ^greater than that towards the Earth at an 
equal distance, and in equal times. That these numbers are 
only in the order of (but not proporHonal to) the sized of the 
respective bodies, need not surprise us, for it simply indicates 
a difference of denntyy by no means greater than that existing 
between some of the commonest substances around us, such 
as marble and wood. 

154. So far we And nothing to contradict the idea that this 
force of attraction is a peculiar virtue inherent in certain 
points, viz. the centres of these great bodies. But Newton's 
generalization went a great deal further than this. Having 
first proved that all these effects would be exactly the same, 
on the supposition of a similar force exerted by each particle 
of matter composing them, he then showed that there were 
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oertaia other phenomena not explicable on the former suppo- 
sition, for though a sphere composed of attraotire particles 
will produce on every other body exactly the same effects as 
if its attraction resided in its centre alone, this is not the case 
with a spheroid or orange-Uke body, such as Jupiter; and 
accordingly there are certain variations observable in the 
motions of lus satellites, which show that they are attracted 
not merely by his centre, but by every part of 1»8 mass.* 
Other inequalites in their motions also prove that they 
attract each other, aad Jupiter himself, with forces exactly 
proportioned to their masses ; and simihur reactions between 
all, even the smallest, bodies of the solar system, account, in 
exact measure^ for all the minutest deviations from Kepler's 
Jaws ; so that at leng<li^-to place the crowning stone upon 
this wondrous edific»^«-we have in our own day seen the 
inverse problem of perturbation solved. By the comparison 
of 'certain deviatbns, not exactly explained by the action of 
the knoion bodies, theory boldly refeired them to the influence 
of a body previomdy unknmon^ and even pointed out its place 
in the trackless and infinite void ; so that when the telescope 

* The hxtnar inequalities prove tiie same thing with regard to the 
matter of the earth* But a more satiifectory proof perhe^s is derired 
from the fact tiiat, notwithstanding the diminution of gravity in ascending 
mountains, it diminishes also in descending mines, because the stratum 
of earth above us then f^pposea instead of (usiaU the attraction of that 
below. This experiment was first tried by Messrs. Airy and Whewell by 
swinging a pendulum at the bottom of Dolcoatli Mine. That all protu- 
berances also share the attractive power, is shown by the deflection of 
the plumb-line near the foot of mountains, which was first observed by * 
Bouguer and La Condamine at the foot of the Andes, and afterwards* 
with great precision, by Maskelyne, in 1774, at the mountain Schehallien, 
in Perthshire. The plumb-line deviated about 6" from the vertical direc- 
tion. It was ascertained from this experiment, and from a careful mea- 
surement of the mountain and examination of the denraty of its materials, 
that the mass of the terrestrial globe is about 5 timet greater than that 
of a globe of water of the same dimensions : Cavendish made it 5.4, and 
the recent repetition of the Cavendish experiment by the Astronomical 
Society has made it 6.6. 

H 2 
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was pointed to that assigned spot, the feeble gUmmering of 
the planet was at once detected. This may be regarded as one 
of the greatest triomphs which modem science has achieved. 

155. It appears, then, that attraction or gravity is a 
nniversal property, common to all matter, every particle in 
the universe* attracting every other particle; but the attrac- 
tion between two bodies both of moderate size, is too feeble to 
be observed nnder common circumstances. The attraction of 
a ship for boats very near it, however, is well known ; and 
Cavendish distinctly observed, and even measured, that of 
leaden globes delicately suspended in an air-tight room, and 
viewed from a distance through a telescope. 

156. The force which we call the weight of any body isi, 
therefore, the resultant of the forces with which it is attracted 
by all the other bodies in the universe, all their forces being 
proportional to their masses divided by the squares of their 
distances. Such, at least, is a correct definition of the weight 
of any body at rest or in rectilinear motion ; but in the case 
of bodies describing curves, we have seen that some centripetal, 
or centreward, force is necessarily employed in deflecting them 
£rom the straight line which their inertia would otherwise 
cause them to describe. In a wheel or a pendulum this 
force is supplied by the cohesion of the spokes or the 
pendulum-rod, but in a projectile or a planet it is supplied 
by gravity. Now, in the case of all bodies resting on the 
earth's surface, a portion of their earthward gravity must be 
employed in thus deflecting them from a straight line into 
the circle which they describe by the earth's daily rotation ; 
and we must restrict the term weight to that portion of their 
gravity which is not so employed, for this is the only portion 
which causes them to faM or press downwards. If their 
gravity were only just sufficient to deflect them (as is the 
case with a planet), they would have no downward pressure, 
that is, no weight. This is what actually occurs on the 

* It has been established by the joint labours of the two Herschels, 
that the same force regulates the motions of the immeasurably distant 
-double itars. 
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outer edge of Saturn's ring, and is in all probability necessary 
to the very existence of that stupendous arch.* The same 
thing would occur on the earth's equator if her rotation 
were only 17 times more rapid than it is, for the deflection 
from a straight line would then amount to 16 feet in 1 second, 
64 feet in 2 seconds, &c., or would be as much as gravity 
could produce. At present, howeyer, the deflection of a body 
at the eqnato^uring a second is only about f of an inch, 
80 that a body depriyed of weight would, in consequence of 
its inertia, pursue a straight line, or tangent to the equator, 
which would in 1 second lift it f of an inch aboye the 
sur&ce. Now this tendency^ which the inertia of bodies 
gives them, to recede from the centre of their motion, may be 
regarded as a force^ under the name of cmtrifugal force. 
The weight of a body, then, is the resultant of its gravity 
towards all the other bodies of the universe, compounded with 
its centrifugal force. 

157. When different bodies revolve round the same dxis in 
equal times, afi the different parts of a wheel or of the earth, 
their centrifugal forces are evidently proportional to their dis- 
tances from that axis. Hence, in receding from the equator, 

* As there is a limit to the cohesion and rigidity of all solids, how- 
'erer hard, such yast masses as the planets could not (if at rest) deviate 
beyond a certain extent from the spherical figure, for their prominent 
parts could not support their own weight, but would sink and spread, 
as the Pyramids would do if composed of jelly, or the Andes if com- 
posed of freestone ; and this limit to the height of mountains would be 
ksa in a larger planet, so that perhaps no substance in a mass as large 
as the Sun could behave differently from a fluid. So also with arches : 
as Chester bridge could not have been built of jelly, so there would 
be a limit to the span eyen of an arch of steel. What, then, must be 
the adamantine texture of an arch encircling a world! and not this, 
but the thousandfold greater world of Saturn I We may conclude that 
this wondrous structure could not subsist by cohesion alone, unassisted 
by its centrifugal force. 

For a practical view of the subject of cohesion, and tables of its 
amount in different solids, see '* Rudiments of Civil Engineering, '' 
Part I. chap. iii. 



150 WEIGHT THE RESULTANT OF 

our oentrifugal force diminishes^ because we approaob nearer 
the earth's axis. Bat besides being diminished, it eeasea to 
be directly opposed to gravity^ because the latter ad» towardi 
the earth's eentrety while the former aete j^xmi, and at r^i 
angles with, her o^. Thus, in Londosi, it acts not directly 
upward, but upward and wmtkuxMrdy at an angle of 51^^ hovt 
the rertical. (By the vertical we here mean the eartk's. 
radius, and by up and down, to and from he^Dentre*) Thfi 
whole effect of centrifugal force in this latitude during a 
second would be about 0.415 of an inch, viju 0,25d upward^ 
and 0.325 southward* Ocnnpouiiding thi% then, with the effect 
of gravity, which is 193.403 indies* downward^ we find that 
their combined effect^ or that of vmgkty will be onlj Id3il45 
inches downward, and 0.825 of an inch southwards A bodj» 
then, does not fall, nor a plumb-line hang, truly rerticaV or 
towaids the earth's centre, but deviates towards ihe south 
by about -^^ of its length. Hence, a surfitoe whioh we ci|U 
level or horizontal, as that of a liquid, is not equidistant at 
all its points from the earth's centre^ but may be said ta 
have a rise toward the south of 1 in 594 (aa compared with 
a spherical 6urCa.ce concentric with the earth). By ext^iding 
the same argument to every part of the earth's surface, it 
will appear, that if it were covered with a fluid, the surface of 
that fluid would be a spheroid 26 miles thicker across the 
equator than from pole to pole ; so that if the earth were 
a solid sphere, water might be poured on till it stood 13 miles 
high at the equator, still leaving the poles dry. But as some 
land is exposed, and some covered, in every latitude, we thus 
see that the earth has been designedly formed with a shape 
nearer this spheroid than the sphere, and with a view to her 

* Tins number is obtained thus exactly by means of pendalum obser- 
▼ations ; for we haye seen that as the time of one yibration : the time of 
felling half the pendulum's length :: the circumference of a circle^ 
t its diameter (129). Whence it follows, that the height fallen in one 
second is 3.1416 x 3.1416 x half the length of a seconds pendulum at 
the same place. 
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rotation mth tluB paxticalar Telocity,* The same applies to 
the other pkneta^ the rapid' rotation of Jupker, for instanoei 
eyplaiDJng his great deyiatioQ from the spherical figniie. 

158. We need not mnltiplj inatanoes of the more familiar 
effects of centrifugal force^-^the destrmctive yiolenee with 
which grinding-stones have flown in pieces whom too rapidly 
turned, 01 the useful application of the same force to regulate 
the supply of steam to an engine by the conical jmtdtdum^ or 
governor. SomI beautiful illustrations, however, are alEbrded 
bj tlie feats of horsemanship in the ring of an amphitheatre. It 
may not be generally known that the circular form is absolutely 
necessary to the success of these performances. It would pro^ 
bably be impossible for the horseman eren to stand on his saddle 
while the horse is moying in a straight line, still less to perform 
the elegant and surprising OTolutions which w« so much admire, 
because it would be impossible for the rider so to alter the 
position of his body with each motion of ihe horse as to keep 
the centre of gravity of his body constantly within the narrow 
base of his feet. '' But if^" as Professor Moseley remarks, 
^ instead of riding in a 8tra%ht line, he rides in a curvi^ a 
new force is lent to him to support his we]ght-»-4u;ting, too, as 
if it acted at the same point where his weight may be supposed 
to act, yiz. his centre of gravity ; this new force is his centri- 

* Thni we see, that on approaching the equator, not only mnst the 
centrifugal force increase, because we are farther from the axis, but also 
the force of gravity must slightly diminish, because we are a little farther 
from the centre. For both reasons, therefore, weight must diminish; 
and this will be detected by opposing a weight to some constant force 
(as the elasticity of a spring), or more exactly by the yibrations of the 
pendulum. The first observations for this purpose were made by Richter 
in 1672, at Cayenne, where he found the seconds pendulum to be about 
^ inch shorter than at Paris. The London seconds pendulum has been 
made the standard of our measures, as already noticed (note, p. 3). The 
pendulum observations, measurements of degrees (*' Introduction to 
Natural Philosophy,'' sec. 22), and lunar perturbations, though perfectly 
independent, all concur in making the difference of the earth's greatest and 
least diameters ■■ about -g^ of either. 
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fogal force. His centre of gravity has now no longer any 
occasion to be brought over the base of his feet, another 
horizontal force joins in supporting it, and poised between the 
horizontal force and the resistance of his feet, its equili^ 
brinm is easily found. To the action of the centrifugal force, 
which would otherwise overthrow him outwards^ the horse- 
man slightly opposes the weight of his body by leaning 
inwards ; and does he find his inclination too great, he urges^ 
on his horse, and his centrifugal force, thus increased, raises 
him up agtdn. By thus varying his velocity and the inclina- 
tion of his body, the conditions of his equilibrium are placed 
completely under his control, and he can perform a thousand 
evolutions that moving in a straight line he could not; he can 
leap upon his horse, stand upon his head or his hands whilst 
he is performing his gyrations, or jump from his horse upon 
the ground, and, running to accompany its motion, vault 
again upon his saddle. The conditions of his stability, and 
even the force of his gravity, appear to be mastered. There 
b in fact given to him a third invisible power, by the act of 
his revolution, which is a certain modification of the force of 
his onward motion ; this acts with him in all the evolutions 
he makes, and is the secret of all his feats." 



Part III— HYDROSTATICS. 



The conditions of eqnilibriam in liquids, and the pres- 
snies exerted by tbem, are considered in the science of 
Hydrostatics, the third of the four great divisions which form 
the subject of general Mechanics. 

159. The properties of liquids are always modified by the 
action of two forces ; viz. that of weight, or the attraction of 
grayitation, to which they, in common with matter of all 
kinds, are subject ; and, secondly, molecular attraction, which 
must act differently in liquids and solids, although we have 
no means of detennining in what this difference consists. 
We can readily form an idea of the distinct action of each of 
these forces, for we can imagine a mass of water ceasing to 
be heavy without ceasing to be liquid ; such a mass would 
neither fall nor flow when turned out of the vessel containing 
it, and indeed it would not require for its equilibrium to be 
sustained by the ground, or even by a vessel ; and yet such 
a mass of weightless fluid would display a number of re- 
markable properties, the most important of which would be 
equality of pressure in all directions; that is to say, the 
liquid would transnut equally, and in all directions, any pres- 
sure exerted on its surface. For example, let ah ed ef^ 
Fig* 73, be a vessel containing a liquid supposed to be without 
weight, and p a solid piston, which exactly covers its surface. 
If the piston is also without weight, it is clear that the liquid 
experiences no pressure, and that if a hole were made in the 

Hd 
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Tossel no portion of the liqoid wonld flow oat. Now, sap- 
pose that the piston be loaded with any given weight, say 
100 poondfl, it will of coarse tend to sink down into the 
fiqnid, and it woald do so nnless the liqoid itself opposed 
snch a tendency. Whether the liqnid be compressible or not, 
the result is the same, for the liquid must either become 
annihilated, or it must bear up the weight of 100 lbs. If we 
divide the liquid into any number of layers, the uppermost 
layer, which is in contact with the piston, and sustains it, 
also sustains the whole of the weight, and would of coarse 
descend unless supported by the layer immediately beneath, 
which reeeires from the one above it as much jHDessure as 
that one receives from the piston. So also the second layer 
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presses upon the third, and in 
this way we may go <m until 
we arrive at the bottom of the 
vessel, whidi we shall find has 
to sustain the pressure of the 
1 00 lbs. exactly as if the weight 
and piston were placed there 
instead of being transmitted by 
the liquid. Now, as this pres- 
sure of 100 lbs. is borne by the 
whole of the base of the vessel, 
it is evident that one-half of the base sustains only 50 lbs., 
and that one-hundredth part of the base sustains only 1 lb. 
We see, then, from this ilhistration, 1st, That the pressure ia 
transmitted by horizontal surfaces from the top to the bottom 
of the vessel without any loss of effect; 2nd, That the pres- 
sure is equal at each point ; Srd, That it is proportional to 
the extent of the surfiEMse under consideration. 

160. So far we find no difference between a liqnid and a 
«oIid ; bnt%ie peculiar characteristic of liquids is^ that the same 
•ffects are produced on the Mei of the vessel as on the base. 
f f a lateral opening be made in any direction, as at a 5, the 
liquid will spirt out ; and if the openbg thus made be of the 
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aame size as the piston p, it will require a force eqnal to 
100 lbs. to proTent the water £rom spirting <mt ; if this side 
opening be only one-lmndiiedth of the area of the piston, the 
wator may be kept back with the force of 1 lb. If a hole be 
made in the piston, the liquid will spiit upwards, proving 
that the piston also sustains a pressani similar to that on the 
base and sides of the vesseL Indeed, this necessarily arises 
from the prindple of action and reaction* . It will be seen 
ihat liquids transmit equally, aad ha. all diTectioiisii tin pies- 
sores exerted on any part of them, so that eyery surface 
whidi they touidi receives (and must retnm) a pressure pro- 
portioned to its area. Thus, if tbe area of the pkton p be, as 
we liaTe supposed, 100 times that cf the piston p, it will 
require a pressure of 100 lbs. on p to baiaoee 1 lb. on p. Thus 
we have another simple machine* like those commonly called 
mechanical powers, and described m Statics (IT.). And this 
hydrostatic power, no less than tke otheis, depends on the 
principle of virtual velocities ; for it is evident thatt if the 
piston p be pushed in through any given distance, the piston 
p, which is 100 times larger, will be thrust out only j^jf of 
lliat distance, so that whatever may be the gain of power, it 
is procured by an equivalent loss of motion. Used as a press 
(Bramah's press), this machine has some great advantages 
over the wedge or the screw, as its mechanical efficacy can 
evidently be increased to almost any extent without any pro- 
portionate increase of friction or complication of parts. 

161. Now it must be evident that this property can be in 
no way altered by conferring weight on the liquids under con- 
sidezation, except that additional forces arising from the 
mutual weight and pressure of the particles have to be taken 
into account. Whence it follows, that in order for a liquid to 
be in equilibrium, first every point of its surface must be 
perpendicular or normal to the force which acts upon it; 
and, secondly, each individual particle of the liquid must 
experience equal pressures in all directions. 

162. With respect to the first condition of equilibrium, let 
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ns suppose that the surface is not perpendicalar to the force 
which acts upon the liquid particles ; that this sur&ce follows 
the direction aedCy Fig. 74, while the force 
acts in the direction of the vertical lines v v. 
In such case a horizontal layer h d must 
he pressed hj the weight of all the particles 
ahore it; and this pressure heing, as we 
have seen, transmitted laterallj, the mole- 
cule dy for example, would he thrust out by 
this lateral pressure, once there is no coun- 
terbalancing pressure on the opposite ade ; it is thrust aside, 
and another particle occupies its place, which, in its turn, 
is also thrust aside, until at length the particles forming the 
curre aed have fidlen into the depression d e^ and the whole 
surface has become horizontaL The same process would take 
place with any other portion of the liquid aboTe the hori- 
zontal surfEU^ and there can be no equilibrium until there are 
no more particles to descend ; when such is the case, they are 
all ranged in a plane normal to the force.* 

* From thia law arises not only the generally level or horizontal far- 
face of liquids at rest, but also all the deviations from such a leveL 
Thus the surface of water commonly rises with a concave slope where 
it meets the side of the vessel, because the particles very near the solid are 
attracted by ii as well as by the earth ; and the resultant of the two 
attractions is therefore not vertical, but more and more inclined in 
approaching the solid wall ; and the liquid surface is everywhere at right 
angles witH this resultant. If, however, the solid be lest than ha^ as 
dense as the liquid, ' the extreme particles will be more attracted by the 
liquid on one side than by the solid on the other, so that the resultant 
will incline the contrary way, and the surface wiU be depressed instead 
of being raised^ and convex instead of concave, as happens with mercory 
resting against glass, or water against a dry cork ; but if the cork be pre- 
viously wetted, the liquid film adhering to it will have the same effect 
as a denser solid. Many other curious effects of this kind are classed 
under the term capillarity. (See ' * Introduction to Natural Philosophy, ' ' 
sec. 39.) Widely contrasted in scale, but similar in principle to these, are 
the effects mentioned in our last section. The general sur&ce of the 
ocean, acted on at once by two forces (gravity towards the earth's 
centre, and centrifugal force from her axis), must, at every point, be 
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163. From the principle of equal pressures, as well as from 
the first condition of equilibrium in liquids, many important 
oonseqnences are obtained. For example, the pressure of 
water and other liquids upon a ^ven surfiftce, is in propor- 
tion jointly to the magnitude of that surfiBce and to the 
mean height oi the liquid aboye that surface.* This truth 
is readily understood in the case of a cylindrical vessel, 
such ad No. 1, in 

Fig. 75, but it is Kg. 75. 

not so erident in 
the vessels No. 2 
and No. 8. All 
three vessels con- 
tain very unequal 
quantities of wa- 
ter; they differ in 
every respect ex- 
cept being of equal height and base ; and in each case the 
same amount of pressure is exerted on the base without 
any regard to the bulk of the water. Hence we may estimate 
the pressure of a fluid upon the base of the containing vessel 
by multiplying its height into the area of the base, and this 
product by the density of the fluid. In the vessel No. 2 it 
will be seen, that the bottom bears only the column of fluid 
denoted by the dotted lines, and which is exactly equal to 
the whole fluid in No. 1. But however paradoxical it may 

perpendicular to their resultant (t. «. to the direction of the plumb-line), 
and hence becomes a spheroid, flattened towards the poles. So also 
in the sides of a whirlpool the liquid surface is sloping, because the 
resultant of gravity and centrifugal force is sloping, as would be shown 
by a plnmb-line in a vessel carried round the whirl. The moon's attrac- 
tion, too, combines with that of the earth to produce a resultant which 
is not always vertical; and thus the mobile surface of the ocean, con- 
stantly seeking an equilibrium which it cannot find on account of the 
moon's motion, is alternately raised and depressed, and produces the 
periodical oscillations of the tides. 
* That is, its height above the eenire qfgraviiy of the surface. 
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mffp^Uj it is no lest true, ihmi die base o£ No. 3 hmts a pies- 
•me ezacd J equal to this aune wei|^ o£ fluid, althovgh the 
whole ressel does not eontain so mnch. 

164. Some cmioiis lesaHs may be obtained by the opera- 
tion d this law. Let a Teasd ^ Fig. 76, inH 
of wata, hare a slender tabe B screwed into it ; 
on filling the tnbe with wata to a certain height, 
the Tessel will immediatel j borst ; and the height 
of the fluid necessary to effect this lesolt will be 
exactly the same, howerer laige or howerw small 
the tube may be ; so that the weight of a angle 
onnoe of water, if piled high enoogh, may burst 
the strongest resseL Suppose the bore of the tnbe 
to be one-twentieth of an inch, then whaterer pres- 
sure is transmitted through it, an equal pressure 
will be borne by every space one-twentieth of an 
inch in diameter throughout the interior of a. 
Now a square indi contains about 530 such spaces ; 
so that an ounce of water poured into such a tube 
would exert a pressure of 530 ounces, or 33 pounds, 
on every square inch of a; a force which few 
Teasels, except steam-boilers, are made capable of 
resisting. 

165. Thus the whole interior surface of a Tessel 
is subject to an enormous pressure in consequence 
of the manner in which liquid pressure is trans^ 
mitted. And not only the interior surface, but 
the liquid particles also in every part of the 
Tessel, are subject to corresponding pressures. 
In the interior of the liquid mass contained in 
the Tessel shown in Fig. 77, let us imagine a 
layer 1 1 parallel to the surface s s. All the particles of this 
layer are CTidently pressed by the mass of liquid above 
them ; they are, as it were, under the pressure of a liquid 
cylinder ss //. But it is important to obserTO that this 
pressure from aboTO, downwards, is, by the principle of 
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Fig.77. 




Fig. 78. 



aotioQ and reaction, exacilj equal to that 

from below, upwards; and the separate 

molecules of this lajer / 1 are held in 

equiUbrinm bj these equal and opposite 

pressures. Now, in limiting our attention 

to a portion only of this layer, a 5, it will 

be seen that the surf^oe a 6 is at once 

pressed from above, downwards, by the 

liquid column e dh €^ and from below, 

upwards, by a precisely equal force ; so that if a solid were 

plunged into the water whose base exactly occupied a 5, 

this pressure would act upon the solid from below, upwards, 

tending to drive it out of the liquid. 

166. This will be clear from the following experiment: — 
A tolerably large glass tube <, Fig. 78, ground flat at its lower 
extremity, is closed by means of a glass plate or yalve v r, 
from the centre of which proceeds a string 
up to the top of the tube. If the surfaices 
be tolerably smooth, the yalve will close the 
tube water-tight on pulling the string. On 
lowering the tube thus closed into the ves- 
sel of water a b o d, the thread can be let 
go, because the valve will be upheld by the 
upward pressure of the water; and that 
this pressure is equal to that which it 
would sustain at that depth from a column 
of water acting from the surface, down- 
wards^ is proved by pouring water into the tube. As soon 
as the interior level approaches the exterior a a, the glass 
valve is pressed from above as much as it was before pressed 
from below, and it then falls to the bottom of the vessel 
by its own weight.* 

* Or rather by the difference between its weight and that of an equal 
bnik of water» for it cannot descend without raising such a quantity of 
water, just as the heavy arm of a balance cannot descend without raising 
the lighter arm. 
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167. The piessore, then, upon a given surface, ia the same, 
whether it £&oe upwards or downwards; and may also be 
proved to be the same in whatever direction it be turned, 
provided its centre of gravity remain at the same depth below 
the liquid sur&ce; for this pressure is equal to the weight 
of a column of liquid whose base is the given surface, and 
whose length equals the depth of its centre of gravity. 

168. In water, the pressure on any etn&ce at the depth of 

1 foot is equal to nearly half a pound on the square inch. At 

2 feet deep it is about 1 lb. At 3 feet = 1| lb. At 4 feet = 
2 lbs. At 5 feet = 2^ lbs. In a cubical vessel full of a liquid, 
the pressure on any one side is equal one-half the pressure 
on the base ; for the bottom sustains a pressure equal to the 
whole weight of the fluid, and the pressure sustained by each 
side is equal to the weight of a mass as long and broad as 
that surfJEU^, and as deep as its centre, and, consequently, 
equal to half the contents of the vessel. Hence we get the 
remarkable result that, in a cubical vessel, a liquid produces 
a total amount of pressure 3 times as great as its own weight; 
for if this equal 1, and the pressure upon each of the 4 sides be 
equal to half that upon the base, 4x^ = 2, and 2 + 1 = ^. 

169. In any surface which sustains the pressure of a mass 
of fluid, there is a point called the centre ofpressurey at which 
the whole pressure of the mass may be conceived to act, and 
to which, if a single sufficient force were applied, the mass of 
fluid would be supported, and the sur&ce kept at rest. In 
any vertical surface extending to the top of the fluid, this 
point is at one-third the depth of the fluid from the bottom, 
and at the middle of the breadth of the sur&ce. The deter- 
mination of this point is of the highest importance in all 
works made to resist fluid pressure. 

170. When a number of vessels communicate with each 
other, whatever be their form or size, the same conditions of 
equilibrium apply to the fluid contained in them as to a single 
vessel. In the first place, the surfaces of the fluid in the 
vessels are all level; and, secondly, they are all at the same 
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levels provided the same fluid be used. Thus, on filling the 

large yessel a with water, or 

mercury, or any other fluid, it 

will exert a pressure on the 

side tube, near the bottom, equal 

to the area of the tube x by the 

height, X by the density of the 

fluid ; and on opening the stop- 
cock c, this pressure will cause 

the fluid to ascend into the small 

Tessel B until it attains the same 

level as in a, when equilibrium 

will be established, because the water in a, as well as the 

water in b, presses upon the same space at «, and both are 

of the same height. 

171. After what has been said, it is scarcely possible for the 
leader to ask a not uncommon question : '' If water presses 
equally in all directions, why does not the large mass in a 
cause the small mass in b to overflow ?" 
A man who was seeking a solution of the 
absurd mechanical problem of perpetual 
motion, onoe asked himself this very ques- 
tion, and constructed a vessel of the form 
shown in Fig. 80, supposing that the 
large mass of water in the vessel would 
force the water along the narrow tube and 
raise it to its extremity, where it would 
flow back into the larger division perpetu- 
ally. He was, however, greatly surprised to see the fluid in 
both divisions settle at the same leveL 

172. If fluids of different densities, such as water and mer- 
cury, be made to communicate, the height to which they will 
rise in the limbs of a vessel such as a b. Fig. 81, will be re- 
spectively in the inverse ratio of their densities. If the bend 
he first filled with mercury, and water be then poured into a, 
a column of that fluid, 13.6 inches high, will be necessary 
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Fig. 81. to baknoe 1 inch of mereniy in b, nieieaiy being 
13^ times denaer ihmn water. It niatten not 
how nneqnal in bore maj be the two hrancheg 
of the tube: if the ezpenmoit be lepealed in 
sQch an apparatus as Fig. 7d, the result will be 
the same, whether the merciuy be in ▲ or in b ; 
the whole hei^t of water will always be 13.6 
times that of the hi^ber mereonal lerdi above the 
lower. This affords an easy illnstration of the 
principle of the harometerj for whieh see ^ Bodi- 
mentary Pneomatics." 

173. The denntisi or tpe^JU fframiies of dif- 
ferent bodies are nsnally oompared with water 
as a standard on what is sometimes called the principle of 
Arehimedei^ namely, that when a solid is immersed in a fluid, 
it displaces a quantity of the floid exactly eqnal to its own 
bulk. If the quantity of fluid thus di^laced be lighter 
than the solid, the solid will smk in the fluid ; if it be of the 
same weight, it will rest indifferently in any part of the fluid ; 
if heavier, it will float in such a manner as to displace only 
as much fluid as may equal its own weigkL But conflning 
our attention to the first case (of a body that sinks), the body 
thus immersed in the fluid apparently loses a portion of its 
weight exactly equal to that of the fluid displaced, as the 
following experiment will prove. A solid cylinder of copper 
8, Fig. 82, exactly fltting into a hollow cylinder c of the 
same material, are both suspended from an arm of a balance, 
and brought into equilibrium by weights in the opposite 
scale-pan p. The solid cylinder is allowed to dip into an 
empty glass. On fllling up this glass with water, so as com- 
pletely to immerse the solid cylinder, the scale-pan p will 
sink down in consequence of the apparent loss of weight in 
the cylinder s. Now, on filling np the hollow cylinder c 
with water, the balance is restored. The fluid support which 
is given to s is represented by the weight of the water in c 
required to restore the equilibrium of the balance; and as s 
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Fig. 82. 




exactly fits into c, the bulk 

of water poured into c mnst 

be exactij equal to that 

displaced by s. And this 

would be true, whatever 

might be the material of 8, 

whether gold or cork. If it 

were cork, it would appear 

to lofipe more than its whole 

weight, or to acquire, when 

immersed, a levity or up- 

ward tendency, which, how- 
ever, is still found to be 

neutralized, and its exact 

weight restored, by filling 

c. It is scarcely necessary 

to observe, that all apparent 

instances of a tendency the reverse of gravity, as in smoke, 

balloons, &c. are only efiects of iliis kind depending on the 

pressure of the surrounding fluid, which must be denser than 

the rifflug body. 

174. In ascertaining the specific gravity or density of a 
solid denser than water, it is first weighed in air and then in 
water. By subtracting the weight of the substance in water 
from its weight in air, and dividing the latter by the differ- 
ence, the product will be the specific gravity required. For 
example, a piece of gold weighs in air 77 grains, and in water 
73 grwns ; then 77—73 = 4; and ^ = 1^. The propor- 
tion, therefore, of the weights of equal bulks of the metal and 
the water, is 77 to 4, or 19^ to 1. So that gold is 19^ times 
heavier than its own bulk of water; and this number is 
called the specific gravity or density of gold. It is obviously 
unimportant how much or how little be taken, — ^the specific 
gravity will be the same. It is equally unimportant whether 
the standard of comparison be taken as 1 or 1000. It is 
usual, however, to write the value of the standard decimally, 
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thus — 1.000. "When, therefore, we say that the specific 
gravity of gold is 19^^, or 19.25, we mean that a qiuuitity 
of water weighing 1 is exactly equal in bnlk to a mass 
of gold weighing 19^. The specific gravity of cork is only 
0.24; that is, the mass of water which any given bulk of 
cork displaces on being plunged into it, is rather more than 
4 times heavier than the cork. The specific gravities of 
liquids are taken by means of a bottle capable of holding 
exactly 1,000 grains of water at a given temperature (such as 
60° Fahr.). On filling this bottle with proof spirit, it wiU be 
found to contain only 887 grains ; so that .837 is the specific 
gravity of proof spirit. If the bottle be filled with sulphuric 
acid of commerce, it will weigh about 1845 grains; and hence 
1.845 is said to be the specific gravity of this acid. In taking 
the specific gravities of gases and vapours, atmospheric air is 
the standard. 

175. When a hodjjloats on a fluid, it displaces a quantity 
equal in weight to itself; when it sinks^ it displaces a quantity 
equal in bulk. Hence the conditions of equilibrium in float- 
ing bodies are two: — 1st. That the portion immersed : the 
whole bulk : : the density of the solid : that of the fluid. 
2nd. That the centre of gravity of the solid, and that of the 
fluid displaced, are in the same vertical line. The equili- 
brium, however, may be stable or unstable ; and if stable, the 
body will, on being disturbed, return to its former position 
by a number of oscillations which are isochronous, like those 
of the pendulum ; and their times depend on the position of a 
point called the metacentre^ which has the properties of the 
point of suspension in pendulums. When the metacentre 
is lotoer than the centre of gravity of the whole body, the 
equilibrium is unstable: otherwise it is stable. 



Part I V— HYDRODYNAMICS. 



176. The principles which regulate the motions of fluids are 
considered in the fourth division of Mechanics, called Hydro- 
dynamics,, or Hydraulics, This suhject is one of great conl- 
plexity, on account of the facility with which a fluid mass is 
set in motion hy the disturbance of a few only of its particles ; 
and the resulting motions are modified, either in their velocity 
or in their direction, by so many causes, that it is difficult to 
anticipate or explain the various phenomena which arise. 
There are, however, in this science certain fundamental laws 
which go far to generalize the phenomena. 

177. The sides of a vessel containing a fluid are subject to 
two opposite forces— one arising firom the hydrostatic pressure 
of the fluid, tending to burst the vessel outwards; the other, the 
atmospheric pressure, or that of any other medium surround- 
ing the vessel, tending to burst the vessel inwards. If an 
opening be made in the side or base of the vessel, the liquid 
will flow out, provided the interior pressure be greater than 
the exterior. In the common trick of covering a glass quite 
full of water with a piece of paper, and inverting the glass 
without spilling the water, the atmospheric pressure is 
greater than that of the water, and would continue to be so 
if the glass were 32 feet in depth. If the mouth of the 
glass be small, as in a narrow-necked phial, no paper need 
be used, for, on inverting it, the pressure of the air on the 
mobile but narrow surface of the fluid will prevent it from 
flowing out without dividing, which its cohesion prevents it 
from doing. If the neck be enlarged, the air, being so much 
lighter than the water, will force a passage up through it, 
and break up the liquid column. But if an opening be 
made in the top of the vessel, the liquid will flow smoothly, 
as if no air were present; for the atmospheric pressure, to- 
gether with that of the fluid tDtthin^ is opposed to the atmo- 
spheric pressure alone vnthout ; and the motion is produced by 
the diflerence of these pressures, viz. that of the liquid alone. 
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178. In tlie examples which we are about to consider of 
liquids escaping from an orifice, the flow will result 6om 
excess of pressure, and not from the breaking up of the 
liquid column. But, in order that results may be comparable, 
it is necessary that the surface of the liquid in the containing 
vessel be maintained at the same height by some contrivance 
which shall add to the vessel the same amount of liquid as 
flows from it. In such case, neglecting all mechanical ob- 
stacles arising £rom friction and other causes, the flow of 
liquids from orifices in vessels obeys the force of gravitation, 
and their motion becomes accelerated, according to the law 
already noticed for falling bodies (114). The expression of 
this law, known as Torricelli'i theorem, is, That partides of 
fluid, on escaping from an orifice, possess the same velocity 
as if they had Mien freely in vacuo from a height equal to 
that of the fluid surface above the centre of the orifice. 

179. Now, as we have already seen (112), that all bodies 
falling from the same height in vacuo, acquire the same 
velocity ; the flow of liquids from an orifice does not depend 
upon their densities, but only on the depth of the orifice 
below the level of the fiuid. Mercury and water, for exam- 
ple, flow with the same velocity when they escape by similar 
orifices at the same depth below their levds ; for although the 
pressure of the mercury is 13} times greater than that of the 
water, it has 13) times as much matter to move. 

180. We have seen (115) that the velocities acquired by 
felling bodies are as the square roots of the heights ; that in 
order to produce a twofold velocity, a fourfold height is neces- 
sary, &c. ; so also in the escape of liquids from an orifice, the 
velocities are as the square roots of the depths of the orifices 
below the surfitce of the fluid ; so that, if we Trish to double 
the velocity of discharge from the same orifice^ a fourfold 
depth is required ; to obtain a threefold velocity, a ninefold 
pressure is necessary, and so on.* 

* Because, in an equal time, thrice as much matter has to be moved 
with thrice as much Telocity. 



THROUGH ORtPICSS. 167 

181. When a vessel with vertical sides is allowed to empty 
itself by an orifice in the bottom, the quantities flowing out in 
succeasive equal intervals are as a diminishing series of odd 
numbers (as 9, 7, 5, 3, 1), or as the spaces described in equal 
interrals by a falling body, taken backwards, 

1 82. In such cases there forms, after a certain time, a hoUow 
depression on the surface immediately over the orifice; this 
increases until it becomes a cone or funnel, the centre or 
lowest point of which is in the orifice, and the liquid flows in 
lines directed towards this centre.* Of course, the issuing 
stream or vein is vertical if the orifice is at the bottom of the 
Tiesoel, or it describes a parabolic curve if the orifice is at the 
side. In either case it moulds itself, as it were, to the form 
of the orifice, and extends to a considerable distance before it 
scatters and divides into drops. Between the mouth of the 
orifice and the point where it begins to divide, the liquid vein 
has a permanent form, and a polished snrfebce ; and notwith- 
standing the rapid motion of the liquid particles which succeed 
each other incessantly, the jet has the appearance of a per* 
fectly motionless rod of glass. At the commencement of its 
course, the vein is of the same diameter as the orifice, but for 
a short distance its diameter grows less, forming what is 
called the vena eontracta^ or contracted vein of fluid (Fig. 83). 
The reason for this contraction appears to be, that as the 
liquid particles approach the orifice, they converge to a point 
beyond it, so that the liquid column in escaping must neces- 
sarily be narrower or more contracted at the point towards 
which the motion of the liquid converges, than it is either 
before it arrives at that point, or after it has passed it. The 
greatest contraction of this fluid vein is at a distance from the 
orifice equal to half its diameter; the diameter of the con- 

* In this state of the liquid a rotary motion is imparted to it, and 
rapidly increases, because all the particles are approaching the centre ; 
and by virtue of their inertia they tend to maintain the same velocity 
which they had in a larger circle, so that their angular velocity (or the 
number of revolutions in a given time) is constantly increased. 
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Tig. 83. 




tracted portion heang to that of the orifioe as 5 : 7. 

the nal dischaige of fluid is only -f^, or 
about half of the theoretic discharge, or 
that which would take place if the whole 
orifice transmitted fluid with the yelo^nty of 
a body that had fiillen from the snifBtoe.* 

183. The diyiaon of the vein at a certain 
distance &om the orifice is not produced 
only by the presence of the wr, it takes 
place in vaeuOy and is the result of the 
acceleration due to gravity. The effect of 
this acceleration is best seen in a stream of 
treacle, which tapers downwards, because 
the flow (or quantity passing in a given time) must be equal 
at all points of the stream, so that wherever the vdodty is 
greater than at another point, the size (or sectional area) of 
the stream must be diminished in the same proportion. In 
water, however, the cohesion is not of such a kind as to 
admit of this tapering; but each portion, when it has ac- 
quired a certain velocity, tears itself away from the stream, 
forming a drop, and leaving the stream, which has been 
forcibly elongated, to contract again, till another drop is 
detached. Thus each drop is subject during its £bi11 to cer- 
tain periodic vibrations, by which it alternately elongates 
and contracts. A series of pulsations, also, occurs at the 
orifice, the number of which is in the direct ratio of the , 
rapidity of the current, and in the inverse ratio of the dia- 
meter of the orifice; they are often sufficientiy rapid to 
produce a distinct musical sound. If a note in unison with 
this be played on a musical instrument at such a distance as 

* It is evident that only those partides which are vertically above the 
centre of the orifice can descend through it in a straight line. All others 
coming from the sides of the vessel must move in lines more or less in- 
cUned. Hence the particles on the outside of the effluent stream are 
retarded, and move more slowly than those in its centre. Hence also 
arises the difference between the mean velocity of the escape and the 
'^locity due to gravity (180). 
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to be scarcely audible, the atrial pulses thus produced have a 
marked effect on the yein in shortening the limpid part. 

184. When a tube is added to the orifice, the flow is ac- 
celerated if air be present, for the rea^son explained in ^* Rudi- 
mentary Pneumatics;" but, in vacuo^ no such acceleration 
takes place. The most remarkable and useful result, however, 
of the experiments on the flow of water through pipes, is the 
discovery that it may be accelerated by merely giving par- 
tictilar forms to the commencement and termination of the 
pipe, without altering its general capadty. A 4-inch pipe 
(of any length) may be made to deliver considerably more 
water, if its flrst 3 inches and last yard be enlarged conically, 
than if they were cylindrical like the rest of the pipe. 

185. One of the most intricate subjects to which the laws 
of motion have yet been applied deductively, is that of liquid 
waves. When any portion of a liquid surface is raised above 
or depressed below the rest, we have already seen (162) that 
it will return to the general level, but in so doing it acquires 
a velocity which necessarily carries it beyond the position of 
equilibrium, and thus produces a series of oscillations, which 
are communicated in every direction over the liquid surface, 
eacb portion receiving its motion from that preceding it, and 
therefore arriving at each phase of its oscillation a little later 
than the preceding portion ; whence arises the appearance of 
a form travelling along the surface, which form we call a 
wave. Each wave contains, at any one moment, particles in 
all possible stages of their oscillation, some rising, some fiilling, 
some at the top of their range, some at the bottom ; and the 
distance from any row of particles to the next row that are 
in precisely the same stage of their oscillation, is called the 
breadth of a wave. Now as these oscillations are caused by 
the force of gravity, we may expect some analogy between 
their laws and those of the pendulum, and accordingly, when 
the depth of the liquid is disregarded, or considered as un- 
limited, the wave-breadth (like the pendulum- length) varies 
afi the square of the time of oscillation ; so that the time which 

Meehanict. % 
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elapses betwe^ tbe arriyvl of ibe oresto of two saoceesive 
waves at a fixed pointy is as the squace root of the distsaoe 
between them, or the distance which ea^r of them tiavels 
over Ib the said time ; heoee it is etmy to see iiiat their ve- 
locity varies inversely as the square root of their breadth. 
For uastaace, if a eertaua buoy be observed to rise and £ili 
twice as often as another, the waves which pass it most be 
four times as broad as those whidi pass the other, but as they 
travel over ibis qtiodruple distance in only d(mbU the time, 
they mnst ei^dentiy move with a double velodty.* When 
the water, however, is so shallow that the waves are affected 
by the form of the bottom, the simpiieity of these results gives 
place to an extreme degree of complexity. The use of t^iese 
investigations Hes in their application to the ddes^ which may 
be regarded as waves of moderate height, but enormous breadth 
and velocity, the time of oscillation being half a ionar day, 
and the velocity sometimes 1,0<H) miles an hour. 

166. To Hydrodynamics belongs, also, the theory of such 
machines for raising water as do not depend on atmospheric 
pressure. Such are the water^sorew, invented by Archi- 
medes, the endless chain of budiLets, the water-ram, the 
hydraulic bdLt,'!' ^^o. ; but perhaps the most ingenious of Hieee 

* The Telocity of waves that run in the same or the opposite direction 
with a ship, may be ascertained by means of the log^ or any other float- 
ing body, attached to a known length of cord. By noticing the time that 
elapses between the lifting of this body, and that of the ship'c stern, bj 
the same wave, and adding or sttbtoaotiqg the way made by the afaip dnriag 
that interval, we find the tisae which the waT« takes to trairel the length of 
the cord. In this way it has been found, that in the open ocean, some 
waves travel at the rate of 80 miles an hour ; the breadth of such waves 
is sometimes a quarter of a mile. The utmost difference of level is found 
by measwing how hig^ above the ship's water-line an eye must be raised 
to haive an uninterrapied view of tiie horizon. No authentic obserrations 
of this kind give mor« than 25 fieet, even in the grealest storms. 

t This machine, the use of which has been revived within a few years, 
is one of the most efficient of water elevators, yet the most inexplicable in 
its action. In its ancient fonn it consisted of a number of hair-ropes, for 
which a band of flannel, or fdt, is now substituted, passing over two 
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is the teater^am^ by whieh a stream of wator desoendbg a 
smail d^th is made altematelj to open and dose a Talye, at 
eadi sbutling of which, a portion of the water is driyen up 
another ti^, to a lerol oonaderaUy higher than that from 
which it originally deaeended, and is then retained there by a 
yalve. 

167. To this science also belongs the a^lication of the 
power of streams and waterfeUs to uaefal purposes. The diief 
mecuDS of effecting this, are, the undenh^ wheel, the 0ver»kot 
whed, the breast wheel, the AorizonUd water-wheel, the 
kydrauUc mgine^ the Tourhiney and BarJo9r'$ milL The 
£rst two are too weU known to rehire a description, but we 
may observe, that tlie overdbot wheel is always the most 
adraatageons where the height of the fall is sufficient to admit 
of its use. The smallest rill may be applied in this manner, 
but the undershot wheel requires a oomsiderable body of water. 
The breast wheel uidte% in some measure, the adrantages of 
both, and is applicable to falls of a medium height, as it 
requires only a fall equal to its radius^ and not to its diame^ 
teTy as is the case with the overshot wheel. This wheel is 
fonued with plain floats, but the water enters at the level of 
Its aode, and descends round one quadrant of its circumference, 
which is enclosed for this purpose in a sort of box of masonry. 
The horizontal water-wheel is used in some parts of France, 
and is the most applicable to a small Ml, and a small quantity 
of water. Its floats are set diagonally, and may receive the 
water at one or at several points of its circumference at once. 
In the hydraulic engine, the pressure of a column of water 
is applied as the motive power, by means of a piston and 
cylinder, like those of the steam-engine. The Tourbine has 
been principally used in France, in cases where the fall of 

rollers, one at the top, and the other at the bottom of the well. By means 
of the upper ToHer, it is set in very rapid motion, when the water adheres 
to its surface in a layer which is thicker the more rapidly it moves, and 
becomes nearly half an inch thick when the velocity is 1,000 feet per 
minute. It follows the baud to any height, and is thrown off by centri- 
is^pl force, in taming over the upper roller. 
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water ia yeiy oonsidemUe. Barker's mOl acts on a different 
principle from an j of these, and has not yet heen applied on 
a large scale, though experiments made on models hare 
shown it to be the least wasteful of all modes of applying the 
power of a water&lL It conosts of an upright tnbe, from 
the lower end of which proceed two horizontal branches 
closed at their ends, and giving the whole the form of an 
inyerted x* '^^ apparatus is moyeable on a yertical axi^ 
and water is admitted at the top through a funnel ; of course, 
this will produce no motion, because the pressures against 
all parts of the interior balance each other: but suppose a 
hole to be made in one side of one of the horizontal arms, 
the water flows out, and the pressure on that surface which 
the hole occupies is removed. Hence the pressure on the 
opposite side of the tube is unbalanced, and causes it to 
recede in the direction contrary to that of the issuing stream. 
A similar hole in the other arm doubles the effect 

1 88. In all water-wheels it is a constant rule that the greatest 
mechanical effect will be produced when the velocity of the 
parts driven is just hcdf that of the steam driving them; 
and this is a most important principle, applicable also to the 
sails of windmills, and ships, and the paddles of steamers. 
It is obvious that the pressure of the wind or water on any 
of these bodies diminishes as their velocity approaches that of 
the current, so that if it were possible for a water-wheel to 
revolve with exactly the velocity of the stream, there would 
be no pressure on its floats, and, consequently, no power to 
drive auy other machinery. On the other hand, the pressure 
is at a maximum when the wheel is standing still, but then 
having no velocity, it is also powerless. As the power then 
is proportional to the product of the pressure and velocity, 
it is greatest when they have each their mean value, that is, 
in the exact medium between these two states, — rett and 
motion with the current^ — ^in other words, it is greatest when 
the velocity is half that of the current. 
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